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    2 3      ,  
    2 3// ,  1 2 3.  2 1 3 

 3 1 2.   1, 2, 3     
   1 2 3,     

 U   1 2 3. 
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6)   , '  '    ,      ( . 4).   ' '    
           ' ',     ', ',   ' 

     ' '.      : = , A 90 , B B  
(  )   ,    '= ' (5)  ' = ' (6).    '  

 '  = , A I 90 , A  (  )   ,    
'= ' (7)  '= ' (8).   (6), (8)   ' = '= ' (9). 
 '     ' '  ' '= ' ' ' + '= ' + ' ' + '= ' + ' (  (9))  
'= '            '       .  

      .   '    
2

. 

  ' '   '    
(5),(7)

2 2 2
,    

  . 
7)     3       

   3MO / /
2

 (10) ( . 5). 

     2      

    2MO / /
2

 (11).    3)  

  =     (10)  (11)   
2 3     . 

8)        
     1 :  

1 1BT E 90  ( . 5).     1  
   , ,   1. 

9)    .   
        1)   

 AM
2

2 AN .   E A , 

 11  (12).       ,  

    ,   ,   
    ,   .    

  : =  (  ) =   

( 2 AN ), E (
(12)

o
11E 90 90 ),       

  E ,    Q1N     o
1E Q N 90 , 

 .          ,  
  , ,        2. 

   Vecten;  Vecten         19    
      Gergonne     .  1817 

              
   . [ : Wikipedia, Wolframmathworld] 
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E.M.E.

 
 2020-21  

 

 
  

 1 
 ,   , 2   1 19 9 2 3 ,      3 3   

  12.    
 

   : 
2 2 21 1 1 1 1 19 9 2 3 3 3 2 3 3 0 3 3 0 3 3 0,  

 13 3   13 3 3 3 3 3 3 3 4 3 ,     12,    
  . 

 
 2 

   , , , ,     .    
        , , , ,       

    128, 144  148,      204  192.  
    , , , , . 

 
     128 144.   148      

      .        204   
192 .      : 144 204 192 156, 

       148 .  
   128, 144, 148       

210,             : 
62, 66, 82.  ,    192   204  : 

110, 94.    , , , , 62,66,82,94,110 . 
 

 3 
      0ˆ 90 .     ˆ    
           .          

    .   : 2 . 
 
               .      

   , :               2                                                  (1) 
,                    0 0 0 0ˆˆ ˆ90 90 22,5 67,5 .                             (2) 

      : 
                                      0 0 0 0ˆ ˆ90 90 22,5 67,5 .             (3) 
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  (2)  (3)  : 0ˆ ˆ 67,5 ,   
      = . 

           
,        .   

,   
                              (4) 

  (1)  (4)  : 2 . 
 

 1 
  

 1 
            

 
15

1 3 5 120
.                                                                                   

.  
     : 

15

15

1 3 5 120

3 5 5 3 15 15 120 3 5 5 3 15 90

1 9 2515 5 3 3 5 90 15 5 3 90. (1)

 

    x y 2 xy, x, y 0, ,      x y , : 

              
1 9 252, 6, 10, , , 0 ,          (2) 

     1, 3 5 .   : 

1 9 2515 5 3 15 2 5 6 3 10 90,  

      (1)       (2)    , 
 , , 1,3,5 . 

2  :     x y 2 xy, x, y 0,      ,x y
:                         1 2 ,  3 2 3b,  5 2 5 . 

    : 1 3 5 8 15 8 15 120.  

       ,  =1, =3, =5. 

 2 
              

  : 2 1 .   

            2 1
  . 

 

   2 1   2 1        : 

22      2 ,        : 2 8 . 



 ---------------------------------------------------------------------------------     -     ------------------------------------------------------------------------------  
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 ,  ,   0 3 ,    : 

1      
28 1 8 ( 1 1), .  

2      
22 4 2 ( 2 2) ( 2 2)  

( 2 2) 2, 0 0, 2  
,       0  2. 

,  0 ,   1,   2 1    2 1 2,    2 , 

  1 ,   2 1    2 1 0 . 

2   

   2 1
  2 1

     : 
2

, 

 
2 2   ,    .        

3

2 2

4 8         (1)
2 2

 

   2     4   2    ,  1, 2 .    
  (1),          0  2.  

0 1 2 1 2 1 2, 2

1 2 1 2 1 0  

 3   
       0ˆ 90 .         

      0ˆ 15   .        
ˆ . 

  
            . 

              , 
.   

,  ,   ,                  
0 0 0ˆ ˆ ˆ ˆ 45 15 30 .  

 0ˆˆ 2 30 60 ,     ,   
.       ,  

,   ,  0 0ˆ 2 45 90 .     

2
,         

  .        
  0 0 0ˆ ˆ ˆ 60 90 150 .   

 
 2 

   
0 0

0180 150ˆ 15
2

  0 0 0ˆ ˆ ˆ 30 15 15 .   
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 1 

        x,y      : 
22 2x y x y 2 2 x y .  

 
22 2

2 2
222 2

x y x y 2 2 x y (1)

x y x y1x y x y 1 1 x y 4 x y 4 0 x y 2 0 x y 2,
2 2 4

 
     x y.   

 x y.    (1) : 2 22x 2 4 x 1 x 1,   x, y 1, 1 x, y 1, 1  
 2 

     
1, 2 4 ... 2 ,
2

 

        2 ,    ,   
  ,    .                                      

.   
,2 2 ... 2 2 2

1 2 1 2 ... 1 1

1 1

 

  ,1 2 , .         
     ,     1         

.  3 1 2,        ,     
   1.        2    . 

 3 
    2     ,R .       

         .       , 
   ,   .   : ˆ ˆ .                                                             

 
        
   .       
   : .      

 .  2
2 2

,   

          
   ˆ .   

,         
 K, : ˆ ˆ  

,     :  
ˆ ˆˆ ˆ ˆ
2

 

 
 3 

 
 ˆ ˆ ,      ,  

ˆ ˆ ˆ( ) ( ).  
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      119 
51.  n   .       d   23n   

     2n d       .           [  2019] 
 

.  d    23n      2n d       . 
    k    23n dk   2 2n d m , m .    

              
22

22 2 2 2 23n mkn m mk n k 3k k 3k
k n

,   . 

,  : 22 2k k 3k k 2 ,  22k 3k 1 k 1  2d 3n     

  23n     .  
 

53.   ,    ,          
        ˆ .           

                
 .            .                    [  2019] 

 
.  

           , :  

1 ,  

     ,     :  

. 

     ˆ .              ,   
      .    (    ). 

 ˆ ˆ ˆˆ ,     
  , : 

                                                      (1) 

       , : 

                                                        (2) 

         

 :  

 
54.      0ˆ 90 .          
      , .           
,          .          

 .        .            [Baltic Way 2007] 
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 0ˆ ˆ 90      

, : 
                                ˆ ˆ                                  (1) 

        , 
     

                                ˆ ˆ                                  (2) 

 0ˆˆ 90 ,   

                                ˆˆ                                  (3) 

   (1) – (3)  : 

                                ˆ ˆ   

63.      ,     2 23 1 4 ,   

      
16 1, .                      [  2019] 

.       Cauchy-Schwarz : 

28 116 1 64 1 81,
4 4 4

                       (1) 

   : 

  2 22 2 2 23 1 4 9 1 12 3 2 3 2 17, (2)  

    Cauchy-Schwarz : 

(2)22 2 22 2 23 2 3 2 4 1 4 3 2 3 2 12 3 10 17 4 9,  

    (1)  : 
16 1 81, 9.

4
 

   2, 1        ,     
   9. 

   

64.       : 
2 2

,
4 3 4 3

, , .   

55.    ,           
   c ,R .             

                    
         .   : .   

56.          .       
                       

    .                
 ,            . 
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  HEMATICUS 
 

 Homo Mathematicus      ,         
    : 1)    , 2)     , 3)   

         , 4)     , 5)  
               
. 

 :  ,  ,  ,   
 
I.      
 

    (   K. A. Rybnikov) 
 

   "    " 
«...    ,   

 ,   
 ,    
,    « ». 

       
.       

    
  . 

      ,  
    , 

       
       ,  

     .  
       

      
    ,   

      

.        
    ,  
,  ,     

     
     , 

     . 
   ,   

     
,       

  . …   
  ,     

      , 
,  ,    

        
,       
     

...
 

    "   " 
 

       
   .   

   , .    
    , 

        
     
. 

      
     

      
       

    ,  
    ,  
 ,    

   .    
    ’   

,   ,  
,   …..» 

         : «     »  
(  K. A. Rybnikov), . "   ",  (1986) ( : . . )  
 
I .    

   (   "   "),   «   – 
 »  «   –  ».      

  , : "  ( )", "  ( )", 1. 
                                                 
1               
(1882-1955 ) «   », (  2, .189), . " "(1951).    

  ,   1929   1955.  
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III.   ; 

   "  "  ; 
(      ) 

IV.  «     - » 
 
1  :       ;    

     ,  ,     "   
     ",      

(1° , 2016). 
  ,          .     

   . 
« , «    ,  

    ,   
         

    »,    
       

: , , , 
, ,  . .   

      
,       

       
      . 

,       
   ,    

   .  
   , 

 ,       
  ,     

      
.       

    ,  
         

,       
     
.  ,    

,       
     
  . ,   

        
   .    

    ,   
      

 ,     
   . 

, ,      
     .  

, ,       
    «  »; 

' ,    ,  
      

   .     
       

     ,  
       

    . 
       

.    ,  
     

   ,   
    

  ,   
 . ,    

,     
      , 

  . , 
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,     
,   ,     

  ,    
  . 

,     
  .     

        
 ,     . 

         
    

« »,     
      . 

,       
      

 ,     
       

  .       
     

,      
     
     

. 
  ,     

,     . 

,       
,       
     

  . ,    
       

         
      

  . ,   
        

         
.      

 ,      
      

…  ,     
      

  .   ,     
     

      . 
, ,      

        
  ,     

» 
  ( , )

 
2  .       " "     (!). 

.     .  ( ),     
.             

.  ’ ,   ,    ,      
 .            « » 

   .          
. 

 
  

«...    . ,   
     

        
    « ».  

        
      

   ,  
      

  ,    
,    , 

   
         

        
   .   ,  

        
    ,   

    ,   
     

 ,    
    ,    

       

       
  .    

         
  . 

        
      

       
      

      « » 
  ,      

    ,    
  .  

      
 ,     
,       

 ,    . 
   ,     

      
  ,      
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, -  (pre-modern) 
  ,    . 

       
         

       
.      

     
. «       

        
         

  ». 
,      

    
   , 

  ,     
   

,   SCIAMVS 
(14, 2013 41-57),   

       
      

.        
 .     

  ,   
      

  Vaticanus Graecus 198.  
        

        
 .   ’   

    . 
    ,   

         
 «      »  

«        ». 
«     »  
«         

 ( ) »,    
        

   . 
         

   ,  
         

    ( )    
       

…)  (  ,  "  ") 
 
3  ."      " (  Morris Kline) 
 

.        ,       
    (  . . .,  ),    " "   

.         …       
      Morris Kline: «         ,  

   » [ . " ",  1993]     "  
    ".        "  "  

E.T. Bell   "   " (  1995) 
 

"      "   
«...        

     
.      

         
      

.       
  ,       

   …. 
      

     
         

,        .  
       

      
      ,   
        

      . 
       

        
    .   

         
  . ,   

    ’    
      

,     
,  .   : «  
       ,  
    ».    
. 

   ,   
 ,     

       
      .   

        
     ,    

         
.       

  ,      
   .     

   ,   
       

         
 ,        

         
     .   

      .  
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 .      

   ,      
   » 

4  :      " " 
.       14 

       
.    ,  , 
     , 

 , " "    

   (    
 ),  ,  

 " "     
 " ". 

 

=3,14159265358979323846264338327950288419716939937510532097494459230781640623620899862803482
53421170679821480865132823066470… 

      " "      :  
( )….         ,    
( )….    ,       
( )….  ,           
( )….      .    -   
( )….    ,      
( )…         ! "   
( )…. "  .        
( )….    " ".       
( )….     " ;".     
( )….    .       
( )….     ,    .    
( )….      .      
( )….      .     ... 

.   :  
i.                

 . . .     « »    "9",   
    9 ,   

ii.     : " ", " "    "0", 
iii.   " ", « »   , 
iv.        ,       
" ".         

 

 
( ) 

3 1 4 1 5 9 2 6 5 3

      ,  

 
( ) 

5 8 9 7 9 3 2 3 - -

  ,       

 
( ) 

8 4 6 2 6 4 3 3 8  

,         

 
( ) 

3 2 7 9 5 2 8 8   

         

 
( ) 

4 1 9 7 1 5 9 3   

   ,      

 
( ) 

9 9 3 7 5 1 0 5   

      ! "    

 
( ) 

3 2 0 9 7 4 9 4 4  

"  .   
 

    

 
( ) 

6 9 2 3 0 7 8 1 6 4

   " " .     :

 5 2 3 6 2 0 8 9 9  
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( )      " " .    
 

 

 
( ) 

8 6 2 8 0 3 4 8 2 5

   
 

.     

 
 

3 5 2 1 1 7 0 6 7 9

    ,   .   

 
 

8 2 1 4 8 0 8 6 5 1

     
 

.    

 
 

3 2 8 3 3 0 6 6 4 7

     .     
 

V.  –  
1. Abel Prize 2021 

    :   "Abel 2021", 
  László Lovász  Avi Wigderson,  «  

        
   ,        

      »                                                                                                                           
 László Lovász          Avi Wigderson   

2.    . ,   Alan Turing 
       50       ,  

« »  . 
    (BoE)      50  ,    

     ,   
      

      . «   
        ,  

      »,   
  BoE  ,     . 
  1912  ,      

        
Enigma,        

    ,     
  «    ». 

  «  »     ,    
National Physical Laboratory      .  

3.      …Fibonacci 
     . ,     " "  Google  «Fibonacci 

Sequence on piano»,      .     
 . 

4.       
 12/03/2021         : "      

 ". ’ ,    ,     ,  
  :«      ».      3,5 .  
 .      1:46.  

5. Sir Isaac Newton 
 ,  "Google",  : "     ",  

  video       .       
         .     

,    .       .   
 ,   ,  ,        

              .  
VI.   "   ;  "  " (évindence intuitive)        

     . "  " (évindence déductive)       
.(   : "      ",  1945,  G. Lemaire) 
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3     

  
7    

 

 
   

 
 
1.   : 
 2f x = x 2x 8 , 2g x = x + 4x +12  
i.        

   x . 
ii.      f  g  

(      
 xy). 

iii.    f  g    
      

    . 
 

: 
 

i.    2f x x 2x 8   -
 2     x    
36 0 ,       

1x 2 , 2x 4 . 
    f x   

  . 
 

x

x  - 2x - 82

-2 4
0 0+ +
 

  2g x x 4x 12  -
 2     x   
64 0 ,       

1x 2 , 2x 6 . 
    g x   

  . 
 

x

-x  + 4x + 122

-2 6
0 0+

 
 
ii.       

2f x x 2x 8     fC   
       

K , f
2 2

,   K 1, 9 .  

 

 
 

  fC     x x   -
 A 2,0   B 4,0 ,   -

  –2  4      
f x 0 .  

 

     
2g x x 4x 12     gC  

        

K , f
2 2

,   K 2,16 .  

 

  gC     x x   -

 A 2,0   B 6,0 ,   -
  2   6      

g x 0 . 
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iii.  
 

x

f(x) = x - 2x - 82

-
2 =1

f(1)  -9= > 0  
 

 2f x x 2x 8   

  ,1    

  1, .   

 x 1,  f 1 9 .    
 

x

g(x) = -x  + 4x + 122

-
2 =2

g(2)  16=

 < 0  
 

 2g x x 4x 12  -

   , 2     

  2, .   

 x 2 ,  g 2 16 .     
 

2.    
2f x = x + x + , 0  

    x = 4   
  –9. 

     fC ,  f, -
    A(2, –5),  

i.    2f x = x 8x + 7  
ii.       A 

     fC  
iii.    f    -

   . 
 

: 
i.    A 2, 5    fC , -

    
f 2 5 4 2 5  , 1  

  f   x 4   -
   9 ,    

0  ,   4
2

      f 4 9  

 4 8
2

,  2   

 f 4 9 16 4 9  , 3   

   1     

 3  12 2 4  , 4   

    2   4   
1(  ,  0 )  8 .  

,  1  8    1  -

 7 . , 2f x x 8x 7 . 
 
ii.       

2f x x 8x 7     fC   
 ,     

K , f
2 2

,   K 4, 9 .  

  fC     x x   -
 1,0   7,0 ,    
 1  7       

f x 0 .   fC    -

    x
2

,  

 x 4 .     A 2, 5  
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   x 4  :  
A AAA x x 2 4 2 2  

 

 
 

iii.  
 

x

f(x) = x - 8x +72

-
2 = 4

f(4)  -9= > 0  
 

  2f x x 8x 7    

   , 4 ,  -

  4, .    

x 4 ,  f 4 9 . 
 

:   ( , -
)    , fC ,  -
        -

   f .  
 
3.       x2 + 8x + 18 

    :  
 (x + )2 + . 

        -
  (     

)      
( )    

f(x) = x2 + 8x + 18 
: 

 

     -
   x2 + 8x + 18.  

 

 x2 + 8x + 18 = (x2 + 2 4x + 16) + 2  
         = (x + 4)2 + 2. 

  x    

(x + 4)2  0  (x + 4)2 + 2  2. 
 

 

  f(x) = x2 + 8x + 18 = (x + 4)2 + 2  2, 
  x . 

 

 x = –4   
f(–4) = (–4 + 4)2 + 2 = 2 

 

  f  x = –4  -
,  f(–4) = 2. 

 

2  : 
 

    y = x2 + 8x + 18 -
  (     

x2  )     :  
8x 4

2 2
. 

H     
2f 4 4 8 4 18

16 32 18 2
 

 
  
4.       -

 2

1f x =
x 2x + 9

,   x 

  .    
 x  f      

( ); 
 

: 
 

 22x 2x 9 x 1 8   

2
1f x

x 1 8
, x . 

2

2

E : x 1 8 8
1 1 1f x f 1

8 8x 1 8

 

,  f     x 1,  
1f 1
8

. 
 

5.       
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 ,
2

2

x + 8x +16f x = x
x + 8x + 20

. 

     x  f   -
   ( );  

 

: 
  

22

2 2

22

x 8x 20 4x 8x 16f x
x 8x 20 x 8x 20

4 41 1
x 8x 20 x 4 4

  

 
2

22

x 8x 16 4f x 1
x 8x 20 x 4 4

, 1  

   1      -

 
2

2

x 8x 16f x
x 8x 20

    

 ,    2
4

x 4 4
  

,      -
   2x 4 4 ,    

x 4 . 
,  f     x 4 , 

2
4f 4 1 0

4 4 4
 

 

6.       -

 
2

2

2x 8x +17f x = , x
x 4x + 7

.  

     x  f   -
   ( );  

 
: 

 
22

2 2

22

2 x 4x 7 32x 8x 17f x
x 4x 7 x 4x 7

3 32 2
x 4x 7 x 2 3

  

 
2

22

2x 8x 17 3f x 2
x 4x 7 x 2 3

, 1   

   1      
2

2

2x 8x 17f x
x 4x 7

     

  2
3

x 2 3
  ,  

      -
 2x 2 3 ,   x 2 . 
,  f     x 2 ,  

2
3f 2 2 3

2 2 3
.      

 

7.       -
 2f x = x + x + 4 5x + 6 . 

     x  f   -
   ( ); 

 

: 
    2x x 4   

 15 0  ,   -
  2x   ,   

2x x 4 0    x . 
 2 2x x 4 x x 4 ,   

2f x x 4x 10    x . 

 22f x x 4x 10 x 2 6   -

 2x 2 6 6 f x 6 f 2 , -
   f     

x 2 ,  f 2 6 .  
 

8.    
2f x = x + 2 x +16   

  g x = f x ,    
i.      -

    f(x)   -
   . 

ii.          
  g     
 . 

iii.      -
      

   f   = –4  
  = 4.    -

     
   . 

 
: 

i.   22 4 16  

         24 4 16 4 4 4  
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 = 4(  - 4)(  + 4)

-4 4
0 0+ +

 
ii.       g o -

    x       
2x 2 x 16 0  

 

           
2x 2 x 16 0  

    2x   ,  
 2x 2 x 16   , -

      2x ,  
        

 .  ,    -
    , -

  4, 4 . 
          -
 2x 2 x 16 0 .   

 

      
   0   4   

4 . 
 4    2x 2 x 16   

22x 8x 16 x 4 0 .  

  4    2x 2 x 16   
22x 8x 16 x 4 0 . 

   , 
    g    

     4, 4 .       
 

iii. 
  

 

 1f   2f     -
   f   4   4  -
.       

     
  1 2f x f x . 

2 2
1 2f x f x x 8x 16 x 8x 16

16x 0 x 0
 

 x 0   1 2f 0 f 0 16 . 
     1f   

2f      ,  0,16 , 
    y y .  

 

9.       
 f(x) = x2 – 2,  x (–2,4), 

       
  ,     

    f(x)   
x (–2,4).      

   : 
  f(x) = x2 – 2    x (–2,4). 
  :  
  –2 < x < 4    4 < x2 < 16  
       2 < x2 – 2 < 14  
       2 < f(x) < 14 
       

   (2, 14). 
 , . .  x = –1,    

(–2, 4),   f(–1) = –1    
“  ”    . 

i.       ; 
ii.   ( )    

  f.  
iii.     f. 
 

: 
 

i.      , 
       -

,     . 
 

ii.     x < 0  
 x  0,  :  

 

2

1

2

2

2 x 0 2 x 0 4 x 0

2 x 2 2
 

,  x (–2, 0),   –2 < f(x) < 2 
 

   :  
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   0  x < 4     0  x2 < 16   
        –2  x2 – 2 < 14  

,  x [0, 4),   –2  f(x) < 14.   
 

,      f 
   [–2, 14).   

 

iii.     f , x (–2,4), 
   . 

 

 
 

  
 

10.     -
   = x   = y 

 cm.      -
 ,   60 cm,  

i.      E  -
,    x,  

    
2E x = x + 30x, x 0, 30  

ii.      x    
  E    -

 .      ; 
iii     -

 E. 
: 

 

i.    x 0   y 0 .  -
        

 ,  2x 2y   E xy  

A Bx

y  : 60 cm

 
 

 60 2x 2y 60  
          x y 30 y 30 x, 1  

,   
y 0

30 x 0 x 30
y 30 x

  

   x 0 ,  0 x 30 , 
 x 0,30 . :  

1
2E xy E x 30 x E x 30x  

, 2E x x 30x , x 0,30  

ii.   2E x x 30x    

  2y x x   1, 30  
 0 .  

 0      x
2

, 

  30x 15 cm
2 1

  

  ,     
2

2

E E 15 15 30 15
2

225 450 225 cm
 

 
2     (ii) 

2 2

2 2 2

2

E x x 30x x 30x

x 2 15x 15 15

x 15 225

 

, 2E x x 15 225   
 

2 2x 15 0 x 15 225 225

E x 225
 

   E x 225 E 15    

x 0,30 .  
,   E   -

  x 15 cm ,  2E 15 225 cm . 
 



 _______________________________            _____________________________  

  120 (2021) .4/29 

iii. 

 
 

11.   -
 

  
   

  .  
   -

 15       
.  90   

     -
 (     

,     ). 
   -

 ,    -
  ,  -

     -
    .    -
       

      ;  
 

: 
 

  90 €     -
  m,   15 €,   

      6 m. 
 x  y   .  

 
2x + 2y = 6      x + y = 3      y = 3 – x, 
  0 < x, y < 3. 
 ,    x,   
 : 

(x) = x(3 – x) = –x2 + 3x,  0 < x < 3. 
    2    -

  x2 ,    

 x = 3 3
2 2 2

 
 

To o   E   :  
 

23 3 3 9 9 9E 3 2,25
2 2 2 4 2 4

 

,      
22, 25 m      
 1,5 m.  

 
12.       -

     
 20 cm      

,      
( ),       

  .    
      

    . 
 

x

y

 
20 cm

 
 «    ,   

     
»,  .     -

 ; 
 

: 
       -

 ,      -
 ,   ,   -

  .  
 B + B  +  = 20 cm,   

2y + x = 20      y = 20 x
2

, 

 0 < x < 20  0 < y < 10. 
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220 x 1x x x 10x

2 2
,  0 < x < 20 

 0 ,     x
2

, 

  10x 1012
2

,   -

  ,     
21E 10 10 10 10 50 100 50

2
 

,    
  x = 10 cm  y = 5 cm. 

 
 

13. K    
  

 -
  
    

.  
  

 ( ) 10 m.    
     ,  

  .    -
     -
     ;  

 

: 
 x  y       

,   
x + 2y = 10,  0 < x < 10, 0 < y < 5. 

 

         
E = x y.  x + 2y = 10  x = 10 – 2y. 
 

     , 
 

2E y 10 2y y 2y 10y, y 0,5  

 0 ,     y
2

, 

  10 5y
2 2 2

,   

  ,    
25 5 5 25E 2 10

2 2 2 2
= 12,5 

 

,       
     5m  

 2,5 m,    12,5 m2. 
 

14.       
100       x. 

    E  
,    x. 

 

 

x

 
 American Mathematics Contest 2002 

 

       -
 .  

 

: 
 ,      ,  

 +  = 50.       
 = .       

 x.       
2 + 2 = x2 

  2 250  2 + 2  + 2 = 2.500 
    2  = 2.500 – ( 2 + 2) = 2.500 – x2. 

, 
2x1.250

2
 

   ( )     
      x.  

    :  
0 < x <  +   0 < x < 50,  x (0, 50). 

,   x   -
      

50,   
22 2 2

2

2

x 50 2 100 2.500

2 50 625 1.250

2 25 1.250 1.250

 

,   = 25,  x2    
 ,    1.250. ,  

   x   

minx 1.250 625 2 25 2  
,        

   
2xx 1.250, x 25 2, 50

2
 

    x 25 2 ,   
E 25 2 1250 625 625  

    . 

y

x
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:     : 
«        -

,       », 
     . 

 

15.     -
 2 .      -
   ,  -

     , 
     ,  
    -

      -
     -

  
2

.  
 

    
 

: 
 

  = x,   = 2  – x,  0 < x < 2  
 

       
   

2 2
2

1
2E

2 2
 

       
  

2 2 2

2
x xE

2 2 4
 

       
   

22 2

3

2 x2 xE
2 2 4

 
 

      -
       
   

    

22
2

1 2 3

22 2

2 xxE E E E
4 4

4 x 2 x

4

 

24 2 2x 4 2

2

4 x x

4

2x 4 x
4

 

    
2

    

2
2

2 4
 

, 
4

22x 4 x
4

2  

         
2 22x 4 x 0  

      

1 2
2 2 2 2x x

2 2
 

 
16.      

  6 8 m   -
   ,   

  ,   -
    . 

 

 A B

6 m

8 m

x

x

 
 

i.        -
   ,    

 21E x = x 4x + 24
2

, 0  x  6  

,  x = ( B) = (Z ).  
ii.      -

 E. 
iii.      -

   ,    -
       

. 
iv.       x,    

    . 
 

     
  

: 
i.        -

:  
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( ) = ( ) – ( ) – ( ) – ( ), (1) 
 

      
( ) = 6 8 m2 = 48 m2 

 

T   ,     -
   :  

1 1ABH ( ) ( H) = 8x 4x
2 2

 

21 1 x 6xZH (H ) ( ) (6 x) x
2 2 2

 

1 1(A ) ( ) 6(8 x) 24 3x
2 2

, 

 0  x  6. 
   (1),   

  ,    x: 
2

2

x 6xAZH E x 48 4x 24 3x
2

148 4x x 3x
2

24 3x

21 x 4x 24, x 0,6
2

 

ii.  

 
   y = 21 x 4x 24

2
, 

x 0,6 ,      : 

x
y

0 2 4 6
24 18 16 18  

 

iii.      x2  , 

  21E x x 4x 24
2

 

   
4x 412 2
2

,    

21E 4 4 4 4 24 16
2

. 

,       -
  16 m2,       

      (     
  4 m).      -
   24 m2,    
       (      ).  

 

iv.        -
  ( ) = ( ). 
      

    , : 
 ( )2 = ( )2 + ( )2 = 64 + x2 

  ( )2 = ( )2 + ( )2 = 36 + (8 – x)2. 
 

2 2AH AZ 64 x 36 (8 x)

64 2x 36 64 216x x
36 916x 36 x m
16 4
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 «  1 > 2»   «  1, 
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 1 .     
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      ( )   
.         

              
. 

. 1  : :    

90      
   . 

:       
      . 

 
       ( ;) 

 ,     
      .  

  . 
2  : :    -

      -
      ,   -

    . 
:  : 

           
  ,  
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 ,      . 
 2 .     

     .   
        -

  90 .     -
         

/ /     . 

. 
:         -

        
 ,      

. 
: : 
        

     ,   
    .  

       ( ;), 
   .  

     -
,  / / .  

    ( ;).  

 
        

      .  

 3 .    xO y   
       

   .    
1C , 2C     x   

 2 1,     y   -
 2 1,  .   : 

1 2 1 2   
. :    -

   ,  -
       

     -
.  

       

1 2 1 2,   . 
:   :     -

      x O y ,  -
    ,    

   x O y . 
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   1C   2 2  

   2 2    

  2C   1 1   
  1 1 .     

 2 1 2 1  1 2 1 2  
(    ;).  

   1 2 1 2 , -
 1 2 1 2 . 

 4 .     , 

     ,  -
.      

  .    
   . 

. :     
   ,    -

  / / .    
    . 

 
:       -
        . 

        
     ,   -

  .       
       .  

     / /   
/ /       

.
: 
  & :  '  

1000    [  1977]. 

    
†   

 

       
  ,  25  2021,   

  ,     
     . 

      -
     1940.      

 .       
,      .   

          . 
        . 
 ,      
       ,  

       
,      . 

      .  
     60     

     ,     
 ,     -

    .     
    1965.   

   .    
    ,      

      .  -
   ,      

,         
 .      -

,      .  
   ,      

  70,    . -
        -
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,  ,    
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        .  
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      24  

      1983,  
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:    …  
 

  
 

  
   

2f (x) 2 x 1 1,  x ,
2 2

 

1.     f  . 
2.    f    . 
3. .   : 

2f (x) 2 x 1,  x ,
2 2

 

.      x ,
2 2

  

1 f x 3 .     x  f  

   3    1; 
4.      Cf.   

      : 

 f ,  f x ,  f x 3,  f x 2
2 2

 

 
  

   f : [ 1,1] R   

 
2

2
2f (x ) 4 4x

f (x ) 1 xe e e
2

 (1). 

1. .    2 .f  x(x) 1 x , ]1[ 1,  

.    f       
     . 

2.  1 1M x , f (x )       fC  
 ,      fC    x x  

 ( 1, 0)  (1, 0). 
.         

       
2(AB ) 1 x , x [ 1,1]. 

. )       
 ,   (0,1). 

)          
 ; 

3.      2  
    ,    

.  
 
 
 
 
 
 
.        (B ) 

         
   ,     

1h( ) 2
2

,   0
4

. 

. N    Ch    
. 

.    h , h
36 37

. 

4. .     : 
21

2x 1 x
2

    x 0,
4

. 

.    : 2 21 x (1 x)     (4)   

 
  

  : 
x x1 1f (x) 2 3 2

4 2
, 

x1g(x ) 2 3x
4

  
x1t(x)

2
 . 

 
1.I.      t  

    0,
2

. 

 

I .     f (x) 1,  x 0,
2

 . 

I .     f (x) 1,  x 0,
2

. 
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2. .     g   
  R. 

.         
     :  

3 2

3 2
2 5 61 1

2 2 3 ( 2 ) 3(5 6)
4 4

  – 2, 1, 3. 
.    ,     

  lne ,     
        

 ,       
 .    5     

  5     
. 

 

3.     
3f (x) g( x) 2,  x 0,   (1)
2 2

 

 

  
 

1.  x ,   
2 2

x ,
2 2  

 

2f ( x) 2 ( x) 1 1 ... f (x)  

 

2. 1 2 1 2x x 0 0 x x 1
2

 
2 2

1 2 1 20 x x ... f (x ) f (x )

 f .   ,0 .
2

 

 1 2 1 20 x x 1 x x 0 ...
2

 

1 2f (x ) f (x ) ,  f .  0,
2

 

 
3. .  2 2x 1 x : 

2 2 2f (x) 2 x 1 2 x 1 2 x 1 

 

.  x ,
2 2

: 

20 x 1 0 x 1 ... 1 f (x) 3   

: min f (x) 1 ... x   
2 2

 

max f (x) 3 x 1 x 0  x 1 .  

 
4. 

 
1.   24 4x 0   21 x 0 ,  

21 x 0  x [ 1,1].  
2 22f ( x ) 2 1 x f ( x ) 1 x(1) e e 2e e  

2 22
f ( x ) 1 x f ( x ) 1 xe e 0 e e 0   

2f (x ) 1 xe e 2f (x) 1 x , x [ 1,1]. 
.  1 2x , x [0,1]  1 20 x x 1  

2 2 2 2
1 2 1 20 x x 1 0 x x 1  

2 2 2 2
1 2 1 21 1 x 1 x 0 1 1 x 1 x 0

1 2f (x ) f (x )    f  .   [0,1]. 
 1 2x , x [ 1, 0]  1 21 x x 0  

2 2 2 2
1 2 1 21 x x 0 1 x x 0   

2 2

1 2

2 2
1 20 1 x 1 x 1 0 1 x 1 x 1  

1 2f (x ) f (x )    f .   [ 1,0]. 

,   
f

1 x 0 f 1 f x f 0 0 f x 1  

  

 
f

0 x 1 f 1 f x f 0 0 f x 1, 
 .   x 1,1   f x 1 f 0 . 

 
2. . 
 y 0     

  f   
   

 1   2  
. 

1
(AB ) (AB) (M )

2 1 1
1

2 f (x ) f (x )
2

 

    .  
. )   : y x     
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   ( 1,0)  (0,1) 

   :  
0 1
1 0 1

 (MA) : y x 1. 
      y x   

     (1,0)  
(0,1)    :  

 
0 1
1 0 1

 (M ) : y x 1 . 

 
 
 
 
 
 
 

)  AMB    ( = ) 
        

   1   

, AMB    . 

3. .  

x

x 22
y y 2
2

 

1 1 1
( ) xy 2 2 2 h( )

2 2 2
  

.    

. 0 h h
37 36 4 37 36

 

  h .   0,
4

.     

4. .  0 x 0 2x
4 2

,   

 1
h(x) 2x

2
 .   0,

4
  

  h(0) h(x) h
4

10 h(x)  (2)
2

. 

,    2f (x) 1 x   

   0,
4

   

0 x f (0) f (x) f
4 4

2

1 f (x) 1
16

 (3).  (2),(3)   

 : 
21

h(x) 1 f (x).
2 16

 

 
21

1
2 16

,  
21

1
4 16

,  

2 1
1

16 4
,  

2 3
16 4

,  2 12 ,  

12 2 3 ,  . 
.    x 1,1 .  (4)  

2 41 x (1 x)
3(1 x)(1 x) (1 x)(1 x) 0  

31 x 1 x 1 x 0 x 1    
3 2x 3x 2x 0  2x(x 3x 2) 0  

x 0    2x 3x 2 0.  
  2x 3x 2 0   : 

1,2

3 17
x

2
.         

   [ 1,1].  

 
3 17

0
2

,  
3 17

1
2

 ,  

3 17 2 ,  17 5  . , 
  : 

 1

3 25 2 3 17 3 16 1
1 x

2 2 2 2 2
 

 .  

  
3 17

0
2

,   
3 17

1
2

 , 

 3 17 2 ,  17 1 ,   
     . 

 
  

1.I.   1 2x , x 0,
2

  1 20 x x
2

1 20 x x
2

  

1 2 1 21 x x 0  1 y y 0 . 

    
x1

w(x)
2

 . 

  R,   1 21 y y 0    
1 2y y

1 2

1 1

2 2
w(1) w(y ) w(y ) w(0)  
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1 2x x1 1
2 2

  1 2t(x ) t(x ).   t 

 .    0,
2

. 

I.
x x1 1

f (x) 1 2 3 2 1
4 2

x x1 1
2 3 1 0

4 2
 

2 x x1 1
2 3 1 0

2 2
 (2). 

 
x1

y 0
2

   (2) : 

22 y 3 y 1 0    1  1
2

. : 

01 1 1
1

2 2 2

x x
x

2

x 2
2

, .  0 x
2

 :  

 0 2 ... 0 x
2 2 2

. 

 1 1
0 2 ...  .

2 2 4 2
,  

     1
2

   

x 0 . 
.       

2 1
2 y 3 y 1 0 2(y 1) y 0

2
  

x1 1 1
y 1 1 0 t x t

2 2 2 2
t

0 x t . 0,
2 2

 

 
2. . gD R .   1 2x , x R  : 

1 2

1 2

1 2x xx x

x1
4 1 1 1 1x x 2 2

4 4 4 4
 

 1 2 1 2 1 2x x x x 3x 3x   

     : 

1 2 1 2

1 2x x1 1
2 3x 2 3x g(x ) g(x )

4 4
 

  g     R. 
.   :  

3 22 5 6
3 21 1

2 3 ( 2 ) 2 3(5 6)
4 4

 3 2g( 2 ) g(5k 6)     
3 2 3 22 5k 6 2 5k 6 0  

 
1 -2 -5 6 1 
 1 -1 -6  

1 -1 -6 0 
 

  : 
2( 1)( 6) 0 1  2  3  

.       3 . 
        

  1 1       
ln ln 3e e 3 .  

:  
5 1 (5 1) 1 4 3 13 ,  

1 2 3 4 51, 4, 7, 10, 13 . 

5 1 5 1

5 5 5
S ( ) [2 (5 1) ] (2 4 3) 35

2 2 2
  1 4 7 10 13 35   

3.
x1 1(1) x 0,  x 0,

2 2 2
  

   0.   
x1 1 1

r(x) x t(x) x
2 2 2

  

 1 2 1 2
1 10 x x ... x x

2 2 2
 

 1 2 1 20 x x t x t x , t 0,
2 2  

     1 2r(x ) r(x )   

 r  . ,      
 . 

 

:      
  ,      

 .  ,    
     

        
  ,   ,  
 . 
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:     
 .  -     

 1.     
 75 , 135   60 .   
 =  = 4cm  E o   ,  

    .  
:        ,  

   ,     -
   .  

 
 
 
 
 
 

 

    ,   
   60   ,  

4cm .  / /
2

 ( ;),  

2cm   60 .  

2
,     

     -
 ,   2cm .  

A 75    75 60 15 . 
      

AZ BZ        
 2 2 15 30 . 

  = 60 30 90 . 
      
 : 2 2 2 8 ,  

8 2 2 cm . 
 2.      

      -
     . 

 

       
    . 

:        -
  , 

    
 ,  

  : 
( ) = ( ) 

. 
    
   ( -

     1 1A     
   )  : 

    (1) 

 / /      (2) 

  (1)  (2)   

     
( ;)   

 3.       
   =6 cm   , 

, ,       .  
 C1  C2  .  

 

 

 

 

 
 

 : 
)     C1  C2  

    C3  C4 -
  . 

)       
     . 

: )  R     C1  
C2       C3  C4 (  

   ).  
       

R   2R . 
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 4R ,  R
4

  (1) 

       ( -
;)   R , R  

2R , (  
4R 2R

2 2
  ),  

     : 
2 2 2   

2 22R R 2R   
2 2 2 2 2R 2R R 4R 4R

2 22R 4R 4R 6R 4R  
24R 2R

6R 3
    (1)   

2
3 4

  
6

. 

 
 
 
 
 
 
 

)       
      

   .   
  : ( )= 2=62=36cm2 
       

 : 

1 2 3 4C C C C =
1 3C C2 2  

2 22 R 2 = 2 22 R    
2 22 1,5 1 =6,5  cm2,   

R
4

 = 6
4

= 1,5 cm  
6

 = 6
6

= 1 cm. 

    : 
=( ) –  = (6,5 –1) cm2. 

 4.    -
   ( , ).   

: ( ) + ( ) = ( ) + ( ). 
:   , ,    
      

. 

 ( ) + ( ) = 1 1
2 2

=  

1
2

   (1)  

 ( ) + ( ) = 1 1
2 2

 = 

1
2

   (2).  

 
     -

      -
     (   -

 1   132    
 ),    

 +  =  +   (3) 
  (1), (2)  (3) : 

( ) + ( ) = ( ) + ( ). 

 5.      

( 90 )     .  
       ,  -

  2 .  

:     -
     

   : 
1 2 45 .  

 
  ( ) = ( ) + ( ) =  

= 2
1
2

 + 1
1
2

 =  

= 1 45
2

 + 1 45
2

 =  

= 1 2 1 2
2 2 2 2

= 1 2
2 2

. 

  1
2

= 1
2

. : 

1
2

2 1
2 2

2 2

 2
2

  2 . 
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 6.   : 
)      

     
     

  . 
)      -

     
     -

   . 
: )   R    -

    , 
      

4 R 2      4
R 2

2
. 

 
 
 
 
 
 

      -
       

2
4 =

2
R 2

2
=

22R
4

 
2R

2
 

      
 = R2,   = 2 . 

)     -
   2R ( ;),   -

  : 2 22R 4R  

 

 

 

 

 

 
      

2
2 2
4( ) R 2 2R . 

 ( ) = 2( ). 

 7.     
  ( 90 )   -

  .     
       -

 .       -

      -
   . 

:      -
    R     

   R 2  ( ;).  
 
 
 
 
 
 
 

To       -
      

        
          

 ( , ). 

     
2

1
R
2

. 

       
2 .

E E . 

     .   
2

.

90
E

360
=

2
R 2

4
= 

22R
4

  

2

.

RE
2

.      

 :  

1 2 1 .
E E = 

2 2R R
2 2

 = ( ). 

 8.     -
   .   

      -
       -

     . 
:  R     

   . 

 
        

8 =4( ).   = 4 R 2 ,  



 _______________________________       B      ______________________________  

  120 (2021) .4/42 

= 4
R 2

2
   =R.    

  ( ;)    
       
,  : 8 = 4( ) = 

= 4
2

= 2R 2 R    8 = 22R 2 .  (1) 

 
 
 
 
 
 
 

       

( ) = 2( ) = 2
2

 =  .  =  

42R  = 2 R 2R
2

  ( ) = 2R 2    (2)  

  (1)  (2)   8 2( ) , 
       
     

= 8 ( ) = 2( ) ( )   =( ) 
 9.     

        -
 1       

 ,      
        -
  . . .  !  

:         1   
  ,  1  

 = .      
      = 1 . 

 
 L        
 L1     , : 

1L L 1  12 2 1  

12 1  1
1

2
. 

 1
2

= 1
2 3,14

= 1
6,28

=0,159m=15,9 cm. 

         
    !! 

 10.     -
   4 .   
      8 -
       -
      1 . 

       
         

      -
   . 

:        
  .     -

        

 

 

 

 
 

       
 =16m,   :    
  =7m,      

=3m,      =5m,  -
    =1m. : 

ZH
8 180L 8
180

, Z
7 90 7L

180 2
,  

3 90 3L
180 2

, 5 90 5L
180 2

   

1 90L
180 2

.     -

 : ZH Z H ZL L L L L L   
7 3 5L 8 16
2 2 2 2

 

   :
2

ZH
8 180 32
360

2

Z
7 90 49
360 4

,
23 90 9

360 4
25 90 25

360 4
,

21 90
360 4

 

     : 
ZH Z H Z  = 53 . 

49 9 25L 32 53
4 4 4 4

 

: http://www.gogeometry.com/problem/index.html 
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1. ’      
 2 3,0   0, + 6 ,  . 

      
   ,     

      
,   . 

:    x, y   ,  
       ,  

 : AMB 1 . 0 (1). 

: 2 3 x, y   

MB x, 6 y . , : 
1 2 3 x x y 6 y 0  
2 2x y 3x 6y 2x y 0 . 

       , 

  : 
2 2

2
y 2xx y 3x 6y 0

2x y 0 5x 15x 0  
x 0, y 0

x 3, y 6  
,   ,  

       
1 0,0   2 3,6    . 

2. ’    Oxy   
   (0,  ),  ( ,  0)   ( ,  0) , 

         
.       x x   

          
 , .   ,    
          

,        x x . 
:  ,  0 ,  ,   

  x x . : ,  

:  y x  (1). : , :

: y (x )  (2).     

 (1)  (2)   :  
2

2 2 2 2,  . 

, : ,  :  y x  (3), 

 
 : y (x )  (4).  

     (3)  

(4)   : 
2

2 2 2 2,  . 

,   : . 

i)   0. , 
 , : 

     

 ( ) : 

y (x ) x (y ) 0 (5). 
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,  f     

 1 2 2v, ,...,    ,  
  ,   

1 2 3 2 1, , ,...,  
:      
   :  

         
2v 1,   ,    

  .  
         

2 ,   ,     
 +.  

         
2v 1,       

  , . . .  
        

    f   .  
       +,   

  f   +.  
      

    : 
 f     2 1 

  1 2 3 2 1, , ,...,   
2 2 2 2

1 2 3 2 1

1 2 2 1

f x x x x ... x 0

f f ... f
 

     
    f    

1 2 2 3 2 2 1, , , ,..., ,  
   ( )   

   ,   f 
 ( ) 2   . 

   f x 0    
 4 1  ,    , 

   4v 1   
1 1 2 2 3 2 2 1.... , 

 ,       
 . 

.   [ – ] 
 ,     
         

 . 
1)      

2 2 2f x x 1 x 2 x 3  
      

,        
   .  

2)      
2 2 2f x x x x    

 ,     
  ,     

      .  
3)      

2 2 2 2f x x 1 x 2 x 3 ... x 2021  
  2021    

,       2020 
   .  

4) )      f  
     ,  

  x  ,   
3f x x x    x , 

   :  
f f f 0 . 

)        
3 3f x x x    

       
.  

)       
3 2f x x x    

   ,     
  .  

:        f 

   ,    3
3 2

,   ,0 , 

,0   
2 3 ,0

5
, :  3

5
  2

5
. 

5)       
2 2f x x x    

      
,       . 

6)       
22 xf x x e e  

      
,        

. 
7)       

2 2
2 xf x x e e  

      
,        

. 
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        -
   , : 
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        -
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    ,   

 

’     ,  (3) 

  

’     ,  (4) 
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 h     f,     
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O ΕυκλείδηςO Ευκλείδης
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 ,  .    
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 357  (  117) 
    .   
   (   )   , 

 .   ,  -
      . 

  -  
1       – . 

     ,    -
      : 

,  (1) 

 
       : 

,  (2) 

  (1)  (2)   , 
   ,   . 

,  
 

  
 

         
  

      
 – . ,   – 

    – .  
   - .  -
   – ,    

       
 . 

2   
     , -

     .   

,     ,  

    

 
     ,   

(     ). -

       ,   

 

, ,  .   
 

  
 358  (  117) 
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   (1), (2) : 

 

 (1)      

   :  

 

 
   . 

     -
  – ,   

 – . ,   – 
. ,   –   -

  – . 
 359  (  117) 

    
(       ) 

        -
:   f(x)   ,   -

   g(x)  .     
      .  

  –  
   –  

   -
     

 ,     

 ,  ,  (1) 

 ,     

 ,  , (2) 

  (1)  (2)      

 

 .      
 f, g      

    .     

     , -
 .     (1)  

 ,      
 

     .  
      

  – .    - . 
.  

  
371.       

    
  -  

372.       
x, y, z      -

  ,     

  -  
373.   .  -

         
  ,   : . 

         
     .     

 
  –  

374.   « »   
      

 .      
       

 
    

  –    
375.     

      .  
  - .   

376.      , -
  ,      

        
.   ,      

     .     
 

  -  
  

  117        

.      

    
 

  

      . -
  .    -

     
 

   -

      n  . -
,     ,    

    .       
   (  Stirling ).  
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   . 

  –   ( – ) 
           ,     

 3  .         " ",   
     .       

       .    ,   
           

.     13  ( )        
    ,    300 . 

           ,  
   ,         .   

              
      : 

  , ,      =   =   =   ,  ,   = . 
  , ,   , p   = ,  =1   = ,  =   =1    =   

=   ,m    ,   +m = n. 
 1:      : – 4y+2x–4y = 7.  

:               .                                                                
:    : (  +2x+1) – (4 +4y+1)=7 

–  =7      (x+2y+1)(x–2y)=7 
   x+2y+2, x–2y    7=1 7 = (–1)(–7),  : 

 
x–2y = 1  x+2y+2 = 7   x=3    y=1        

x–2y = –1  x+2y+2 =–7   x=–5    y=–2    

x–2y = 7  x+2y+2 =1    x=3    y=–2    

x–2y = –7  x+2y+2 =–1  x=–5    y=1 
:       x (    y),      x ,     

     .    :    +2x–4 –4y–7=0  
  = 4–4(–4 –4y–7)= 4(1+4 +4y+7)=16( ),       

+ y +2 =   +y– +2=0      y      =1–4(– +2) 
   ,    m   , : 
 =   4 –7=   (2 +m)(2 –m) = 7  

2 +m=1  2 –m = 7  

2 +m=–1  2 –m = –7      

2 +m=7  2 –m = 1   =2   = –2 

2 +m=–7  2 –m = –1 

  +y– +2 = 0 +y–2=0 y=1    y=–2. 

 y=1    : +2 –15 = 0 x = –5    x = 3. 
 y=–2    : +2x–15=0 x=–5    x=3. 
 ( ,y)  {(3,1), (–5,1), (3,–2), (–5,–2)}. 

       “   ”    
 “   ”. 



 -----------------------------------------------------------------------------------------------------------------------------------         --------------------------------------------------------------------------------------------------------------------------------  
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 2:       2 –xy+3x=14. 
:       = ,  ,    x,y   

    ,         , ’  
    “    ”,     . 
:    : 2 +x(3–y)=14      x(y–3)= –14(1) 

 y=3  (1) : =17 ,       ,  y 3,   

x = = = 2(y+3)+ (2). 

    x    y–3     4,  : 
 y–3 =1 y = 4  x=18(   (2))  
 y–3 =1 y = 2  x=6 
 y–3 =2 y = 5  x=18 
 y–3 =–2 y = 1  x=6 
 y–3 =4 y = 7  x=21 
 y–3 =–4 y = –1  x=3. 

 3:       + =1. 

:               . 
:  x 0  y 0.    : 2y+x=xy, 2y+x–xy–2=–2,  

2(y–1)–x(y–1) = –2,(y–1)(x–2)=2, : 
 x–2=1  y–1=2  x=3  y=3 
 x–2 =–1  y–1=–2  x=1  y=–1 
 x–2 = 2  y–1 =1  x=4  y=2 
 x–2=–2  y–1 =–1  x=y=0 . 

 4:      : + + –3xyz=2003. 
:              Euler  

  2003  . 
:   : (x+y+z)( + + –xy–yz–zx)=2003(1). 
 + + –xy–yz–zx= [ + + ] 0, 

 (1)  x+y+z=1  + + –xy–yz–zx =2003  x+y+z=2003  + + –xy–yz–zx =1. 
  x+y+z=1,  =1 + + +2(xy+yz+zx)=1(3).      

(3)  x2+y2+z2–xy–yz–zx=2003 : 3(xy+yz+zx)=2002 3/2002, ,   
x+y+z=2003(4)  x2+y2+z2–xy–yz–zx=1 (5).  
(5) [(x–y)2+(y–z)2+(z–x)2]=1 (x–y)2+(y–z)2+(z–x)2=2 

     ,          1      0, 
  : (x–y)2=0  (y–z)2=(z–x)2=1     ,  
 x=y  (y–z)2=(z–y)2=1 x=y  y–z=1  x=y  y–z=–1. 

  y–z=1  x=y=z+1,   x+y+z=2003  1+z+1+z+z=2003  3z=2001  z=667,  
(x,y,z)=(668,668,667). 

  y–z=01  x+y+z=2003  3z=2005 3/2005, . 
: (x,y,z)  {(668,668,667),(668,667,668),(667,668,668)}. 

:              Euler, 
        Euler   ,       

 :  
    x3–y3=xy+61  . 

:    : 27x3–27y3 = 27xy+1647  (3x)3+(–3y)3+(–1)3–3·3x(–3y)(– 1)= 
=1646  (3x–3y–1)(9x2+9y2+1+9xy+3x–3y) = 2.823 (1).  9x2+9y2+1–9xy–3x+3y= 

: 1      
      : 

+ xy+ x=   + yx+ y= . 
2         y  

      .  ! 



 -----------------------------------------------------------------------------------------------------------------------------------         --------------------------------------------------------------------------------------------------------------------------------  

  120 (2021) .4/62 

= [(3x–3y)2+(3y–1)2+(1–3x)2] 0   3x–3y–1>0, :  

 3x–3y–1=1 3(x – y)=2 3/2  
 3x–3y–1=823 3(x–y)=824 3/824  
 3x–3y–1=2 x=1+y,  9x2+9y2+1+9xy+3x–3y=823 3x2+3y2+3xy+x–y = 

 =274 3(1+y)2+3y2+3(1+y)y+(1+y)–y=274 3+6y+3y2+3y2+3y+1+y–y–274=0  
 9y2+9y–270=0 y2+y–30=0 y=5  y=–6   x=1+y=6.  (x,y)=(6,5). 

 5:       1+x+x2+x3=2y. 
: 

   y   ,             
      , ,   y   . 

  y=0    :1+x+x2+x3=1 x(x2+x+1)=0 x=0  x2+x+1=0 ,  =–3<0. 
  y  ,    :   (1+x)+x2(1+x)=2y (1+x)(1+x2)=2y (1)  

 1+x2>0  2y>0,   (1)  1+x>0,  x 0.  x=0  y=0,    
,    x>0. 

  1+x=2  (2)  
          (1)        1+x2=2p(3)  
  +p=y(4)  
  ,p 0       

  p=0,  x=y=0. 
 A  p 1,  (6) x=2p–1(22 –p–1) (7). 
 p=1,  (3) x2=1 x=1,    (2)  =1  y= +p=1+1=2. 
 p>1,    (7)    x  ,    (2)   x  , . 

:(x,y) {(0,0),(1,2)}. 
 : 1        “ ”    . 

      . .    ,       
:  ,      ,     . 

   : 
1. 2+2 +  = 2 2+4 +3,  . 
2. x5y2+100x3 = 200,  *. 
3. 9(x2+y2)+10xy = 177+x2y2,  . 
4. x3–y3+x2y–xy2 = 49(x–y)  x>y,  *. 
5. x6+x4–2x3–2x2y2–2y2+2y4+2 = 0,  . 
6. pm–n3=8,  p   m,n  . 
7. xy+3x–5y+3 = 0,  . 
8. x3y2(2y–x) = x2y4–36,  . 
9. x4–6x2+1 = 7·2y,  . 
10. 8y3–4 = y(6x–y2),  . 
2        

  ,   : 
. x2+y2=z2,  * ( ). 

. xn+yn=zn, n>=3    x,y,z  
(Fermat). 
. x4+y4=z2,   (Fermat). 
. 2n–7=x2, n  , x  

(Ramanujan–Nagell). 
. 61x2+1=y2,  * (Brahmagupta). 

. x –yb=1,  *  ,b>1 (Catalan). 
. xn+ym=zr  *  n,m,r  3 (Beal). 
. x4+y4+z4+w4=(x+y+z+w)4,   (Jacobi– adden). 
. x2+y2+z2+w2=n,    n   

(Langrage). 
. x2–Dy2=1,    D   ,   

  . 
 

1. A. Adler, J.E. Coury, The Theory of Number, Jones and Bartelt publishers, USA 1995. 
2.  T. Andreescu, D.andrica, I. Cucurezeanu, An Introduction to Diophantine Equations, Birkhauser, USA, 2010. 
3.  .  , . ,    ,    

, ,2015. 
4. I.G Bashmakova, Diophantus and Diophantine Equations, MAA, USA, 1997. 
5.  . , . , . ,  , ,  2000. 
6. J. Hunter, ,  . ,     ,  1974. 
7. . . ,  ,  , ,1997. 

  (2)  1+2x+x2=22 (5).  
     (5)  (3)  

: 2x=22 –2p=2p(22 –p–1)(6) 
(  22 =x2+2x+1>x2+1=2p  2 –p>0)



  120 (2021) .4/63 

  bf x = ax +
x
 

 –        
 

   –   
 

 
        ,       

        27/01/2021.      
 .          ,    

  . 
    ,    .        

               . 
           . .   . -

         .       ,   
          -

          . 
       «   » ,    

        ,   ,    -
         . 

          .       -
    ,            -
.                . 

 ,        . 
        ,   ,     

 ,   ,      ,    . 
 
 

      -
    

 

  

         
. 

)         

      ,  -
       -
      .  

    .   
      -

      163. 

    ,  

 ,     -

   

      
 1.  

 
 

)    



 -----------------------------------------------------------------------------------------------------------------------------------         --------------------------------------------------------------------------------------------------------------------------------  

  120 (2021) .4/64 

        
      

(  2)  

 
 

 
)      , . 

  ,      

    ,     

      
       -

.  
       

     

)       

   ,    -

       -
 . 

«        ,  
       

» 

  ’     
   ,   

   ,   

   ,   

    

        
   (3)  (4)  

 

 
 

 
      -

        -
     ,   

        
   .     



 -----------------------------------------------------------------------------------------------------------------------------------         --------------------------------------------------------------------------------------------------------------------------------  

  120 (2021) .4/65 

 ,      
     

 

 
 1 

         
    

4 3 2x a 1 x 2a 1 x a 1 x 1 0 1  

   , 1  ,   
. 

 
        (1), 

        ,  
    

 , 

     (1).  

   ,    (2)   

 

   (    -

)  .    ,   

     .   

       
  ,        

     

     

,      Vieta,   -

      .  

    (3)     

. 

    ,    (1)  
     . 

 
 2 

       a,  
       

4 3 2x 2 a 1 x 4x 8 a 1 x 16 0   

      . 
 
        

.       
      :  

 

 

  ,    

  (1)  .  

  ,      

 

   , 

 : 
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   ,    

(3)    . (   
        , 
       -

 (3)) 
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. 

     -

   ,    

     ,     
. 

   ,   

(3)    ,      , 
 (3)   .    -

:     -

    ,     , 
    . 

        
     (2)   -

    ,  
. 

 
         

     -
 ,  . 

  (2)  .  

       

 ,     , 

   
. 

     , 
      ,  -

  .  
 : 

        



 -----------------------------------------------------------------------------------------------------------------------------------         --------------------------------------------------------------------------------------------------------------------------------  

  120 (2021) .4/67 

       -
         

. . .  
     ,   -

    (3)     
 (   ). 
   ,  ,    . 

  ,   
: 

  ,    (1)    . 
  ,   (1)    . 
  ,   (1)    . 
  ,   (1)   .  

 
 4 

        
4 3 2

2

x 2x 11x 10x 26f x
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  ,        

    .  ,    
      ,   

         
    .   ,    

     ,    
 ,         

Skemp.    1  (behavioral-
),       

        
,         

,       
 .    

   ,    
       

            
.      ,     

Immanuel Kant,          
   ,  Gaston Bachelard      «La 

formation de l' ésprit scientifique»   Jean Piaget     
         
.           
  .       

     2     
        ,      
       .  ,   

  ' ,     ,       
           ,   

    ,        ,    
 x    y,         

   ,      ,  f(x), 
    ,    ,     

   . 
          ,  

    ,          
 ,      ,    

           .  
 

: 1. «  »    (  1938)  
2. Jean Piaget :The Child's Conception of the World (London: Routledge and Kegan Paul, 1928) [La Représentation du monde 

chez l'enfant (1926, orig. pub. as an article, 1925) 
3. Richartd Skemp :Relational Understanding and Instrumental Understanding Mathematics Teaching, 77, 20–26, (1976) 
4. Gaston Bachelard :La formation de l'esprit scientifique: contribution à une psychanalyse de la connaissance objective (1938) 
5.   :    (  Gutenberg 2004) 

1  ( ):             . 
      ,           20  . 

         Watson, Skiner, Thorndike  Pavlov. 
2  ( ):        .     

   ,      ,           .   
                       

   .   , , , ,       
   .        Dewey, Piaget, Vygotsky  Bruner.

 3

 

Kant 
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      ,    
   Vecten.      ,  
     .  Vecten,    

,  22    14  (1810-1824)   
 Gergonne.             

         Nimes.  
   Vecten     -   

     ,  1  
2, -  1977.  

        Vecten    ;        
              

         . ,    
,       Cambridge     .  

 

  ... 
       3   . ,        

 .            
      .   4   . .    

      ,   9   . .     , 
 13   . .        ,  15   . .  

    ,    Howard Eaves,  19   . .   Vecten 
  20     Victor Thébault,        . 

         ,   
   .  ,         "    

",  "    ",  "    "    "  
  ".          , 

" ". 
 

 Vecten:      '    , , .  : 

1. )      A         AM
2

. 

 )  ,     AE       A
2

.  

2.          :        
               1   . 

3.    = . 
4.  1       , 2         3      

 ,    1, 2, 3     , , ,     
  1, 2, 3. 

5.  1, 2, 3      , ,      1, 2, 3  

    U (  Vecten  A ),       1 2 3. 
6.       ,        . 
7.   2 3    . 
8.      ,     ,  , , 1   

  . 
9.   , ,       2. 

 
1.       , , , ,   

 .   : 
a.   1, 2, 3, 4    , , ,  ,   

,      ,            
. 
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b.   , , ,    , , ,      , , , ,  
 .  

 

a.  AB         
=  (1   Vecten). 

  B         
= ,  =   //  (    
    ),     

.  1 3      
  ,     ,   

           
   . 

     B       
,           
= = .       

 2 4        , 
    ,       

         
 . 

        

( =   A ZA ,  )  
=// ,       
      ,                 
   (    ),          1 3  2 4 . 
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