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   k        2 2 2 22 4 2 4 2 2 2 4n k k k k n k k n k k . 

      2 22 0 2 0 1 1 1 1.
2 2
n nk k k k n k n   
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   A     B     C ,    MBD  

   .ADC      D      , 

     ,  ,K         

   TK TD .  ,   T       ,KDE ADC  

    .KD   
     ADC    1O ,       , , ,D K E X  

 .          2.O  
,     ,BM DK AC        

,ABCM ACDK BMDK   ,     , .P   
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  ,      1   y  . 1 2x ,x . ,  

1 1f ))(1 f 2(1) f )( xx f (1   2 2f ))(1 f 2(1) f )( xx f (1 ,  1 2x x .  
    y  x ,  : 
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      y   x y f (x 2f (x))     (1):    

           f (x f (x) f (x y f (x 2f (x))) 2f (x) x y f (x 2f (x)) 2f (x 2f (x)) y   (2) 
      x   x 2f (x)     (1):    

               f (2x 4f (x) f (y)) 2f (x 2f (x)) y                                  (3) 
     (2),(3)  ,   1-1  : 

x f (x) f (x y f (x 2f (x))) 2x 4f (x) f (y) , 
   (1) :    x f (x) f (2x y 2f (x)) 2x 4f (x) f (y) , 
 f (2x 2f (x) y) x 3f (x) f (y) .     y   f (x)    : 
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      y   x 2f (x)  :            

                                                               f (2x 3f (x)) x 4f (x)                                   (5) 
  (4),(5)   f (f (x)) f (x)     1-1  f (x) x, x . 
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 y max m, b f b ,  f y d f y k,     

y M max m, b f b 4 .  
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f x d f x d f y 2f x d y     f x f x k f y k 2f x 2k y   

f x f x k f y k 2f x y     f x f x k d f y 2f x y  (5).  
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c( ,b) [ ,b] 2021 .  
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( ,   ( , b)        b,   [ , b]   
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  ( , b) 1,    cb 1 2021 ,  2 2 2 cq ( b) 4 ( b) 4( b 1) p 4 2021.  (1) 
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  c  ,   modulo 3,  2 c 2 c 24 2021 p 1 ( 1) p 1(mo 3)q dp . 
 p 3 ,  2 1 0( 3)p mod ,  3 | q ,  q 3 , ,  q > 3. 
 p 3 ,  b 3,   c 2 c( 3) 1 2021 3 1 2021 0     

   2 c(2 3) 4 2021 5 ,   5    modulo 47. 

          
5 47 2 1.
47 5 5

 

  ( ,b) 43,    43x, b 43y    p 43    y x 1.   

[ ,b] 43x(x 1)       43 ( 1) 43 2021cx x     

  2 1431) 7 34 4(2 cx ,   -3    
modulo 47.   ,        

3 1 3 3 47 2 1.
47 47 47 47 3 3
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2

n 1 m 2.

 

      : 
(i)   (0,m) ,      ,    (0,0)    
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(n 1,0) . ,    ,            (n 1,0)  
 (n 1,1).       V    1/2.  

(iii)     n,1 ,   n 1 ,            
     (n 1,1) . ,           
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(iv)    (n,m),   n 1, m 2 ,            
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 V    1/2.  
,       ,    V    1/2. 

,    V  100,    198     
1V 100 198
2
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V 1.           (0,m)   (1,0).      
       199  .  

      ,        ,  
 V     1/2        m 1.  
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         (n 1, 1).      1/2  m 1.   

(ii)        (n,0)  (n k,k),        
 ,     (n,0).   V    m 0 1.  

(iii)       (n,1)  (n 1,1)   (n,0),      
         (n,0).   V   1/2  m 0 1.  
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Lifting the Exponent Lemma* (LTE) 

  (   - ) 
             

       ,  : 
1.       n     2 nn | 2 1 .                            ( . . . 1990) 

2.     p     x,y  x pp y 1 .                         (  1996) 

3.  x,y,p,n,k   ,   n  ,  p     n n kx y p ,  
  n    p.                                                                    (  1996) 

4.   n      n n3 2   ,    n   .(  1997) 
5.    n ,     2000      n2 1  

    n;                                                                                            ( . . . 2000) 
6.     7n 7          n.                 (  2008) 
7.   p 3   , p | b   2 3 3p | b ,   2 2p | b   3 3 3p | b .(  2008) 

8.         x y 22 3 z .                                         ( . .  2009) 
9.      p     x,y ,    p 1x y   p 1y x  

    p.                                                                             ( . .  Shortlist 2014) 
10.  n          n n149 2     3 5 73 5 7 .    

     n;                                                                      ( . .  2020) 
    ,             

      .     ,   
,   “Lifting the exponent lemma”,        : 

 pu x          p,    
 x. 

. . 2u 72 3 ,  3 272 2 3 , 3u 405 4 ,  4405 3 5 , 11u 968 2 ,  2 3968 11 2  
       : 

1) p p pu xy u x u y . 

2) p p pu x y min u x ,u y . 

3)     x,y,    n    p : 
 p,n p,x p, y 1        p | x y ,  n n

p pu x y u x y . 

4)     x,y,     n    p : 
 p,n p,x p, y 1        p | x y ,    n n

p pu x y u x y . 

   Lifting the exponent lemma (LTE): 
 p ,      x,y : 

  p 2 , p | x y   n   : n n
p p pu x y u x y u n  

  p 2 , p | x y   n    : n n
p p pu x y u x y u n  

  p=2  4 | x y   n   : n n
2 2 2u x y u x y u n  

  p=2  2|x y  n    : n n
2 2 2 2u x y u x y u x y u n 1. 

         . 
1. :  n=1  n=3 .        . 

  n>1  p | n      .  p 2  ,  p=2  
n2 | p | n | 2 1  .  n n n n 1p | 2 1 p | 2 1 2 1 2 1   p 1p | 2 1    

  Fermat.  2n,p 1 2p | 2 1 2 1 3 p 3 1  (  . .   2n  p-1   2, 

                                                 
*       
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  p       n,  
p 2

n,p 1 1 2n,p 1 2 ). 
   LTE  2 n 2 n

3 3 3 3 3 3n | 2 1 u u u 2 1 2u n u 3 u n u n 1 2 . 

   (1), (2)  3u n 1.  nq |
3

     . 

   q 2,3 . ,  , 2n,q 1 6q | 2 1| 2 1 63 q 7 .  
n2 1 0 mod7      n, . 

2. :  p xy 1 p . 
1  : y=1.    xp 2 x, y,p 1,1,2 . 
2  : p 2   y 2 .  p  ,  p xy 1| y 1 p p | y 1.  

2p y 1 p y 1 y 1 1 .    LTE : 
p x

p p p p pu y 1 u p u y 1 u p u x x p
p pu p y 1 u x p y 1 p p y 1 y 1 2 .  

 2p p 2 p 1 p 2y 1 y 1 y y 2y y y 2 y y 1 2 ,  ,  y 2   p 3  
  =  y=2  p=3.  y=2, p=3,      x 2 x, y,p 2,2,3 .  

     (1) : 2py 1 y 1 p y 1  ,   (2).  
3  : p=2  y 2 .  2 xy 1 2 . 

   x=1  y 1 2 .    x 2   2 2y 1 0 mod 4 y 3 mod 4     y . 
3. : ,    ,  x y .  x 1,    x y 1, 

 kp 2 p 2  . 
1  : (x+y)=1.  n  ,  n n kx y | x y p ,  mx y p .    LTE 

 n n k m
p p p p p p pu x y u p u x y u n k u p u n k u n m k . 

 pu nn nx y x y p .  pu np | n .  pp u n ,  pp 2u n . : 

pu nn n n nx x y x y p x y nx
2

.  n n 1xn x n x .  n 1 n 1x 2 n    n 3 .  

   .  pu nn p . 
2  : (x,y)=   1 1x x , y y   1 1x , y 1 .    n n n k

1 1x y p .  
bp   bn n n k n n k bn

1 1 1 1p x y p x y p ,    pu nn p . 

4. :    n  .   n= b,  ,b 0,1 . 

 
b b b b n n c3 2 | 3 2 3 2 3 2 p    p     c  . 

 c3 2 | p .  d3 2 1 3 2 p ,  ¿d   d<c.   
LTEb b b bc c d

p p p p p p p3 2 p u 3 2 u p u 3 2 u b c u p u b c c d u b

 pd u bn n3 2 p .  
b b bn n bd3 2 3 2 3 2 p . 

  ,  
bb b b

2 3 2 2 3 2 3 . 

 pd u b bd
pp p d u b bd .  p pd u b d b 1 bd d u b bd , . 

  n  . 
5. :   LTE  

mm 33 | 2 1,  
mm 3 m

3 3 3 3m u 3 u 2 1 u 3 u 3 m 1.   
m32 1  1999     ,   3 (   

1 2 1999p ,p ,...,p ),  
mm

1 2 19993 p p pm 3 n
1 2 1999n 3 p p p | 2 1| 2 1 2 1,     . 
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   m ,   
n32 1     2000    

(    3).     Zsigmondy     
 n nb         k kb    k<n ( : 
3 32 1 ).   . Zsigmondy,  

k 132         
k32 .  

k k k 13
3 3 32 1| 2 1 2 1 .   

k 132          
k32 . 

    k=1,2,3,…,2000    
200032    2000  

,     . 
6. : :  p 3 mod4    2 2p | x y   p | x   p | y . 

   p x, y .  
2 2

2 2 x xx y 0 mod p 1 mod p 1 mod p
y y

.   

   Fermat  
p 1

x 1 mod p
y

.   p 4k 3   

p 1 4 2 4 2
x x x x 1 1 1 mod p
y y y y

 .  p | x, y . 

  .   2 2n 7 x .      Fermat  
7 7n 7 n n mod7 .  2x 0,1,2,4 mod7 n 0,1,2,4 mod4 n 2 2,3,4,6 mod6 7 n 2 1  
  x    2 7 7x 1 mod4 n 7 1 mod4 n 2 mod4  .   

 x  .  x=2 .  7 2n 7 4 7 7n 7 0 mod4 n 1 mod4 .  
27 3n n n n mod 4 ,  n 1 mod 4 2 n 2 3 mod 4 .   n+2   

   ,  p 3 mod 4 .     7 7 2 2n 2 4 11 .  

  LTE  
1

7 7 2 2 2 2 2 2
p p p p p p pu n 2 u 4 11 u n 2 u 7 u 4 11 u n 2 u 4 11  

 p 3 mod4 .    p |11 p 11  2 2 2b 2p 11| 4 4 4 11 c .  

 22 2 2b 2 2 b 1
p 11 11u 4 11 u 4 11 c 11 2 u 2 11 c 1 . 

 
22 2 b 1y 0,1,3,4,9 mod11 y 1 1,2,4,5,10 mod11 11 2 11 c 1. 

 2 2
11 11u n 2 u 4 11 2 2 11 k  11 k    k     

  q ,  p 3 mod 4 .    (2)  
2n 1 mod 4 11 k 2 1 mod 4 121k 3 mod 4 k 3 mod 4 .   k   1 

   q ,  q 3 mod 4 , . 
7. :  p |   p | b   p | b .  3 3p |   3 3p | b .  3 3 3p | b . 

 p   p b    p | b .    LTE  
p 3

3 3
p p p pu b u b u 3 u b . 

 2 3 3 2p | b p | b . 
8. :  x=0  2 y1 3 z 3 z 1 z 1 .     3,    
2   1,3,  z 2 x, y,z 0,1,2 .  y=0  x 2 x2 1 z 2 z 1 z 1 .  

   2    2   2,4  z=3 (x,y,z)=(3,0,3). 
  z=0    .   xyz>0  x y 2 x 2 x2 3 z 2 z 0,1 mod3 2 1 mod3 x 2 . 

 y x y 2 yx 2 3 2 3 z 0,1 mod 4 3 1 mod 4 y 2b   ,b  

 2 2b 2 2b2 3 z 3 z 2 z 2 .  3 | z 2   3 | z 2  : 13 | z 2 z 2 2  

.    z 2 1 z 2 1   2b 1 13 2 . 
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   LTE  1 2b
2 2 2 2 2 2u 2 u 3 1 1 u 2 u 4 u 2b 1 u 2b 1 . 

 12b 2 1   4 .  2b 13 1 2   4. 
   =1  2b3 5  .    =2  b=1,      x, y,z 4,2,5 . 
   =3  2b3 17  .  x, y,z 0,1,2 , 3,0,3 , 4,2,5 . 

9. :  p=2   x+y    2.  p 3    2 : 
1  : p x, y . 

’        Fermat :  
p 1x y 0 mod p y 1 mod p 1  x 1 mod p .   x>y 

p 1 p 1p 1 p 1 p 1 p 1 p 1 p 1 p 1x y x y y x y x | x y y x | x y x y y y
2p 1 p p 2 p p 2p 1 p 1y y x | y y 1 y x | y 1

    LTE : p p 2p 1 p 1
p p p p pu y x u y 1 u y x u y 1 u p p 2  

p 1 p 1 p 1 p 1
p p p pu y x u y 1 u p u p p 1 y x | p y 1 2 p y 1 y x y y 3

   (1)  2y p 1 y 1 p y 1 y 1 . 

  p 5   2p 1 4 4 2 3y y y y y 1 y y y 1 y 1 y y 1 0 ,   

 y p 1 2 .  2p 1y y y 1 p y 1 4 . 
     ,   (3),(4),  p=3    (3): 

2 2 2y x | 3 y 1 3 y 1 y x y y y y 1 y 3 .
  y=3,  9 x |12 x 3 , ,   x>y. 
  y=2,  4 x | 9 x 5 x, y,p 5,2,3 ,     . 
  y=1,   2x 1     3.   2 2x 0,1 mod3 x 1 1,2 mod3 . 

2  : p | x, y .   x p k   by p m   b   p x, y . 

 p 1 p 1 bp 1 p 1 b b p 1x y p k p m p p k m ,       p,   

  .  nx, y,p k,2 k,2 , 5,2,3 , 2,5,3 . 

10. :  3 |149 2 147      3 n n 3 n n
3 33 |149 2 u 3 u 149 2 . 

   LTE  2
3 3 3 13 u 147 u n u n 2 n 3 k 1   1k * . 

   7 | 149 2=147  7 n n
7 7 77 |149 2 7 u 147 u n u n 5 . 

 5
2n 7 k 2   2k *.  nn n n n n5 |149 2 149 2 mod5 1 2 mod5 . 

  ,  3n 4k 1  i 0,1,2,3     
n n 2

3 35 |149 2 n 4k 2 k 3   3k * .    (3)   
3 3k kn n 4 4 4 4

5 5 35|149 2 149 2 5 u 149 2 u k 2 2
5 5 5 5 35 u 149 2 u 149 2 u 149 2 u k  

3
4 4 2

5 3 3 4 44 u k k 5 k n 5 2 k 4 .    (1),(2),(4)   2 2 4 5n 2 3 5 7 k  
 * .    n    3 5 7 n n3 5 7 |149 2    2 2 4 5n 2 3 5 7 . 

:  
 Santiago Cuellar, Jose Alejandro Samper, A nice and tricky lemma (lifting the exponent), Mathematical Reflections 3 – 2007. 
 Evan Chen, Orders Modulo Prime, 2015 
 Pavardi, A. H. (2011). Lifting The Exponent Lemma (LTE). Retrieved July 11,2020, from 

http://citeseerx.ist.psu.edu/viewdoc/summary?doi=10.1.1.221.5543 
 Justin Stevens, Olympiad Number Theory Through Challenging Problems, Third Edition  
 Alexander Remorov, Exponents and Primes 
 Problems in Elementary Number Theory, Volume 2, No1 Spring 2009 pen@problem-solving.be. 
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1
2( )

,   (0 ,180 )   
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2( )
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  3.       
2 2 2 2 2 2[2( )] ( ) 0 .       
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( )( )( )( )     ,    

  , ,   . 

 4:   
2 2 2 2

2 2
0

( )y      
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  0x   
2 2 2 2

2 2 2 ( )x . 

  4.     3   
2 2 2 2

( 1,1)
2( )

. 

   
2 2 2 2

2 2 2 2 2 2 2( ) 2 2 ( ) 0 , 

   0   0    1 .    4 . 

     0
( )( )y   , , , 0 . 

 5:   , , x    .    , ,x . 
  5.    | | x   | | x . 
   : 

2 2 2( ) ( )x       2 2 2( ) ( )x . 

 2 2 2 2x   2 2 2 2x   1 1.  

 2 2 2 22 ( )x , 2 2 2 22 ( )x   
2 2 2 22 ( )x , 2 2 2 22 ( )x ,    
, , , , 0x .     5. 

 
  

      ( ) 0 , ( ) 0   
2 2 2 2

2 2 ( )( ) x ,         

5.            .   
    .        ( )   

( ) .        5. 
            

2 2 2 2x   2 2 2 2x .   

2 2 2 2
2 2 2 2 ( )

2( )
x .  

                                                 
2 2 2 2

2( )
. 

                                       
2 2 2 2

2 2 2 2 ( )
2( )

x
 

2 2 2 2 2 2 2 21 [2 ( ) 2 ( ) 2 ( )]
2( )

 

2 2 2 2 2 2 2 2 2 2 2 22 ( ) 2 ( ) 2 ( ) 2 ( ) 2 ( ) 2 ( )
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2 2 2 2
2 2 2 ( )

2( )
. 

 2 2 2 2x    , 0   
2 2 2 2

2( )
. 

 , (0 ,180 )A .  180 AB .      
 . 

       2. 
 

:       . 
:     ( ) 0AB , ( ) 0 , ( ) 0 , 

( ) 0 ,  , ,   .    
                 

 2 ( )( )( )A . 

.          
         .      

      ’   ( )  A B   
( ) , ( ) , ( ) , ( )    , , ,      , 

       .     
Blascke          . 
      .        

  , .       , 

          90 ,  
 ,      . 

 
2.            

   . 
 ,  ,    ( )AB , ( ) , ( ) ,  ( )  

   
0 ,   0 ,   0 ,    0 .       (1) 

    : 
     ; 

 2.1.       ( ) .  
      ( )x   ( .  1) 

( ) ( ) ( )E x 2 2
1 2

1 1( ) ( )
4 4

P x P x  

 
2 2

1
2 2

2

( ) ( ( ) )(( ) )

( ) ( ( ) )(( ) ).

P y y y

P y y y
 

             
, , : 

( )( )( )E , 
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2

  , . 

1 ( )( )( )( )
4

E . 

, 
2

1
1( ) ( )
4

P x ,   2
2

1E ( ) ( )
4

P x . 

,    ,  
| | x       | | ( )x  

(  2
1( ) 0P x , 2

2( ) 0P x ).    
2 2 2( ) ( )x       2 2 2( ) ( )x  

     
2 2 2 2 2(max[( ) , ( ) ]), min[( ) , ( ) ])x y . 

,     

1 2
1 1( ) ( ) ( )
4 4

f y P y P y ,   min max[ , ]y y y  

 2 2 2 2
min maxmax[( ) , ( ) ] min[( ) , ( ) ]y y . 

(       miny y   maxy ,       
/   f,   f  . 

      ( )f y , min max[ , ]y y y ,      
  .  ,   (0,0), (0, 1), (1,0)   (3,1)   

    1, 2 , 5   10  [   

10 1 2 5 , 2
min ( 10 5) 15 2 50y   min max1 ( , )y y y , 

2
max (1 2) 3 2 2y ]. 

 

 

 

 

 2 

       ( )f y       
       min max[ , ]y y y     

. 
       ,       

( )f y   min max[ , ]y y . 
 1.  f       ,min 0[ ]y y ,    

,0 max[ ]y y ,                                 0
( + )( + )=y

+
. 

,   min 0 max< <y y y    

0 0
1( ) = max ( ) = = ( - )( - )( - )( - )
4y

f y f y M     ( = ( + + + ) / 2)   
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                0 = ( + + - )( + + - )( + + - )( + + - )M . 
[   «   »    .     

 Brahmagupta] 
:  f      min max[ , ]y y      

min max( , )y y ,    1 2

1 2

1 ( ) ( )( )
8 ( ) ( )

P y P yf y
P y P y

. 

  : 
( ) 2 2 2 2 . 

   2 2 2 2    ,      

min maxy y . 

, 2( )   2( )   2( )   2( ) .  

,    
1 2

1( )
4 ( ) ( )

y yf y
P y P y

,  min maxy y y  

   min( , )y     max( , )y .      f  
 0y ,  

2 2 2 2

0
( )( ) ( ) ( )y ( ) . 

( ) 2 2 2 2 . 

 . 2 2
maxy ,   2 2

miny . 

: 2 2 2( )  ,  2 2 2 2 2( ) .  
2 2

maxy . , 2 2 2( )   2 2 2 2 2( ) .   
 ( )  4 : 

2 2 2 2
min maxy y ,    2 2 2 2

min maxy y ,  

 2 2 2 2
min maxy y ,    2 2 2 2

min maxy y . 
      min max( , )y y .    

2 2 2 2

1 2

1( )
4 ( ) ( )

y yf y
P y P y

,  y . 

     0   2 2( , ]y   0   
2 2[ , ) . 

   2 2 2 2( , )y .   2 2 0y , 2 2 0y . 

, 2 2 2 2
1 2( ) 0 ( ) ( )f y y P y P       

 ,        ,  
2 2 2 2 2 2

1 2( ) 0 ( ) ( ) ( ) ( ) 0f y y P y y P y . 
   : 

2 2 2 2 2 2
1 2( ) ( ) ( ) ( )y P y y P y 016( )( ) ( ) ( )( )y y y  

 0
( )( )y . 
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  2 2 2 2( , )y ,          
. ,  ( )    ( )h y Ay B , 1 2( , )y y y   
  1 0Ay B   2 0Ay B .     
2 2 2 2

1 2( , )y y   2 2 2 2 2 2( )( ) ( )( ) ( ) 0  

               2 2 2 2 2 2( )( ) ( )( ) ( ) 0 . 

      ( )f y   2 2 2 2( , )     
  016( )y y ,  ( ) 0f y   0y y , ( ) 0f y   0y y . 

  . 
( )  2 2 2 2 .         

 2 2 2 2( , ) . 
    [( ), ( )  ( )]  0y      

0
( )( )y  

          min 0 maxy y y . 

,   ( ), 2 2 2 2 ,  2
0 ( )y , 2

0 ( )y , 
2 2

0y   2
0 ( )y , 2

0 ( )y , 2 2
0y , . 2 2 2 2

0 ( , )y .  

,   ( ), 2 2 2 2 ,  
2

0 ( )y , 2
0 ( )y , 2 2

0y , 
2

0 ( )y , 2
0 ( )y , 2 2

0y . 
     ( ) 

2 2 2 2 2 2
0 ( ) ( ) 0y     ( ) 

2
0 ( ) 0y  ,  2 2 2( )  

2
0 ( ) ( )( ) 0y  

2
0( ) ( )( ) 0y  

2 2 2 2 2 2
0 ( ) 0y     ( ) 

 2
0( ) 0y     ,  2 2 2( ) . 

 ,     

0 0
1max ( ) ( )
4y

f y f y M   . . . 

   0y      2x    4   2.  
      .      

   !  
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