
 111 .3/52 

: . , . , . , .

,

 - 

. -
-

-
-

.
 1 :  f 

1       , x<0
f x 1 x

x 1  , x 0
i)

 f (0,1).
ii) -

 x x. 
iii) -

x .
iv)

 f  [–1, ].
v)

 f 

 x x  x=–2, x
2

 . 

vi)
 f. 

: i) 
,  f  x=0 (

).
 x  0 :

x 0
1 1f x f 0 1 1 x 11 x

x 0 x x 1 x 1 x

x 0 x 0

f x f 0 1lim lim 1
x 0 1 x

:
f x f 0 x 1 1 x

x 0 x x
,

x 0 x 0

f x f 0 xlim lim 1
x 0 x

f 0 1

.
ii)

f 0 1 ,  1 .

4
, 0

iii)

. :
x x

1lim f x lim 0
1 x

,

 y 0 .  x x
.

iv)

.

x 0 , : 2

1f x
1 x

>0

x 0 , : f x x

, f x 0 x 0 x
2

,

x
2

, 0 x

 x=–1, 

x
2

, x= .

v)  [ 1, 0]

0,
2

 f (x) 0 -

: 2
2
f x dx

0
2

2 0
f x dx f x dx

0
2

2 0

1 dx x 1dx
1 x

0
2
02

1 x
dx x x

1 x
0

2
ln |1 x | 1 ln1 ln3 1

2 2
ln3 1

2
.

vi) x 0
1f (x)

x 1
, -

 f -
1
x

 1 -

. x 0
 f 

x  1 



 _______________________________  ______________________________ 

 111 .3/53 

.
, .

 2 :  f 
3f x x .

i) -
 f 

.
3, , 0 fC

 f .
ii)

 f 
.

iii) fC
.

iv)
x x . -

t t .

 –3. 
v)

 f 
 x x. 

: i) 3 3
1 1 1 2 2 2x , x ,  x , x -

 f. 
1 , 2’

2 2 2 2
1 2 1 2 1 2

1 2 1 21 2

f x f x 3x 3x x x
x x x xx x

1 2x x 0 .
3 3

1 1 1 2 1 1x , x ,  x , x

1x 0 .
ii) 2f x 3x , 2f 3 .

fC
3 2y 3 x 2 3y 3 x 2

, :
3 3

2 3 3 2 3

y x y x
y 3 x 2 x 3 x 2 0

3

2 2 2

y x

x x 2 x x 0

3 3

2 2

y x y x
x x x 2 0 x  x 2

3 3y y
x x 2

fC

fC ,
32 , 8 .

iii) f 2 4f

: 2 2 2f 2 3 2 12 4 3 4f
iv)

:

22 3

y 0y 0
3x 2 03 x 2 0

0 ,

2x
3

. 2 ,0
3

.

2x t t
3
2 2x t t t
3 3

.

0t
 –3 . 0t 3

0t t : 0 0
2 2x t t 3 2
3 3

v) <0.
 f 

 x x
.

04 40 0 3 x| f x | dx x dx
4 4

3 31 2 1 1| | | | | | | |
2 3 2 3

4

6
4 4

41
4 6 12

>0

4 4
3

0 0
0

x| f x | dx x dx
4 4



 _______________________________  ______________________________ 

 111 .3/54 

3 31 2 1 1| | | | | | | |
2 3 2 3

4

6
4 4

41
4 6 12

 3 : f : ,
f 0 1 2x y| e f y e f x | x y ,
(1)  x,y .
i)

xg x f x e .

ii)  f. 
2h x x 1 , x .

iii) h x f x
.

iv) , ,

2 xx x 1 e

v)
1

1

1 12 e x dx 2
2 e

x 1,1  . 

: i) x xg x f x e f x g x e ,

: (1) 2x y y x| e g y e e g x e | x y
2x y x y| e g y e g x | x y

2x y| e g x g y | x y .

 y 0x
0

2x x
0 0| e g x g x | x x

0o
2x x|x x | 0

0 0

0 0

| e g x g x | x x
| x x | | x x |

0

2
0x x 0

0 0

g x g x | x x |e
x x | x x |

0 0x x
0

0

g x g x
e | x x |

x x

0 0x x
0 0

0

g x g x
| x x | e | x x |

x x

0 0

00 0
x x x x

0

g x g x| x x | | x x |
x xe e

00

0
x xx x

| x x |lim 0
e

,
00

0
x xx x

| x x |lim 0
e

0

0
0x x

0

g x g x
lim 0 g x 0

x x
, 0x .

g x 0 , g x c ,  g 

.
ii) xg x c f x e c  x=0: 

f 0 c c 1. g x 1 , x .
x xg x 1 f x e 1 f x e  x

iii) h x f x 0 .

2 xx h x f x x 1 e ,

x 0

. : x

2

xx e
x 1

, x .

x<0 ,
2

x 0
x 1

xe 0 ,

x 0

,0 . x>0 : 2 2 2 2x +1>x x +1 x

2

2

xx +1 x 1
x +1

x x

2

x e 1 e
x +1

xx 1 e    (1) x 0 xe e 1 e 0 .

 (1) x 0

0, .
 x=0 

.
x 0 . ,

 0 ,
00 0 1 e 0 . x 0

 x=0. 
iv) ,

.

:
2 x

x x

x x 1 elim lim
x x x

 (1) 



 _______________________________  ______________________________ 

 111 .3/55 

 x 

2 2 x 0

2

1| x | 1x 1 1x 1
x x x

2

2x x

x 1 1lim lim 1 1
x x

x
x

x x

e 1lim lim e 0
x x

x

x
lim 1

x
, = –1 

2 x

x x
lim x x lim x 1 e x   (2) 

 x 
2 2

2

2

x 1 x x 1 x
x 1 x

x 1 x
2 2

2 2

x 1 x 1
x 1 x x 1 x

2x

1lim 0
x 1 x

, x

x
lim e 0

 (2) :
x
lim x x 0

 y x
   

:
2 x

x x

x x 1 elim lim
x x x

 x 

2 2 x 0

2

1| x | 1x 1 1x 1
x x x

2

2x x

x 1 1lim lim 1 1
x x

xx
x

x x x

eelim lim lim e
x x

x

x
lim

x
,

.
. :

2 x

x x
lim x lim x 1 e    (3) 

 x 

2
2 x x

x

x 1x 1 e e 1
e

2 2

x xx x

x 1 x 1 xlim lim 0
e x e

, :
2

x

x 1lim 1
x

x

x
lim e .  (3) :

2 x

x x
lim x lim x 1 e  , 

,

v)
,  [–1,1]. 

1 x 1 1 x 1 , .
1 1 1

1 1 1
1 dx x dx 1 dx

1 1 1

1 1 1
1 dx x dx 1 dx

11 1

1 11

12 e x x dx 2 x
e

1

1

12 2 e x dx 2 2
e

1

1

1 12 e x dx 2
2 e

 4 :  f 
3 2f x 2x x 6x 5 .

i) -
 f . =–1

ii)
4 3 22x 3x 7x x 5 0

ox  (–1,1). 
iii)  f 

.
iv)
y=10x+

f .
v)

 f 
 x x  x=–1, x=1 -

 ( i). 
: i)  f 

2 2f x 6x 2 x 6 2 3x x 3



 _______________________________  ______________________________ 

 111 .3/56 

 x . f -
2 36

>0 . 2 36 0 6  >6 , f

.  f -
.

=0 . 2 36 0 6  6
=–6 f  1. 

 f  x=1 
f x 0 x 1,  f -

x =6 f
 –1.  f 

x=–1 f x 0  x 1 ,  f 
 x .

<0 . 2 36 0 6 6 , f

-
f x 0 x .

6 6  f .
 f 

6,6 .
ii) 4 3 2g x 2x 3x 7x x 5

 Horner :
2 –3 7 –1 –5 1 
 2 –1 6 5  

2 –1 6 5 0  
3 2g x x 1 2x x 6x 5 .

3 22x x 6x 5 0
 (–1,1). f x 0

=–1.  i)  f -
f x 0

 (–1,1). 
 f  [–1,1] 

f 1 4 , f 1 12 f 1 f 1 48  . 
. Bolzano 

0x 1,1 0f x 0 .
f x 0

 (–1,1). 
iii) f x 12x 2

1f x 0 12x 2 0 x
6

 f 1,
6

, 1 ,
6

1x
6

.

x –                    1/6                               +
f              –               0                    + 

f
                              
                           . .

1 1,f
6 6

.

iv) fC -

0 0x , f x , 0f x 10

. 0 012x 2 10 x 1 1,10 .
,

10 10 0
v)  ( 1,1)  f 

0x  (ii). 
f

0 01 x x f x f x

f x 0 .
f

0 0x x 1 f x f x

f x 0 . -
 f -

 x x  x= 1, x=1 
1

1
| f x | dx

0

0

x 1

1 x
f x dx f x dx

0x
4 3 2

1

1 1x x 3x 5x
2 3

0

1
4 3 2

x

1 1x x 3x 5x
2 3

4 3 2
0 0 0 0

2 19x x 6x 10x  . .
3 3

 5 :  f,g 
2g x 1 x .

i)

f : ,
2 2

g f x | x | x ,
2 2

.
ii) f x x , x 0 .

f x f x
x x

>0 

0, .

iii) g f x | x | x



 _______________________________  ______________________________ 

 111 .3/57 

,
x

g f x x
lim

x 2
iv) )  d(x) 

x,g x

: x+y+2=0 x 1,1 .

) , ,
 g 

,
 g 

v)  g 
.

vi) 6
0

1 dx
f x

,

f x x .

i) g f x | x |

g f x | x |

2 2 21 f x | x | 1 f x x
2 2 2 2f x 1 x f x x | f x | | x |

2f x 0 f x 0

2x 0 x 0 x 0 , ,
2 2

 f ,0
2

f x 0 ,0
2

,0
2

.

| f x | | x | | f x | x :

f x 0 f x x f x x

f x 0 f x x

 f 0,
2

f x 0 0,
2

0,
2

.

| f x | | x | | f x | x :

f x 0 f x x f x x

f x 0 f x x

 f ,
2 2

:

x  - x 0
2f x

x    0<x<
2

f x x , x ,
2 2

x  - x 0
2f x

x    0<x<
2

f x x , x ,
2 2

ii)
x f x x f x 0

x x x x 0 .

h x x x x x

x 0, .  h  [0, ]

h 0 0

 | | >0 ,

0, h 0, h 0 h 0

. Bolzano  h(x)=0 
 (0, )

f x f x
x x

.

ii)  x 

g f x x | x | x
x 2 x 2

| x | 1
x
x 2

x x
x | x | 1

x | x | x
x

1 x 1
x x x

x x

1 1lim lim 0
x x

x

xlim 0
x

.

x

| x |lim 0
x

x

2lim 0
x



 _______________________________  ______________________________ 

 111 .3/58 

x 0 1 x 11 x 1
x x x

x x

1 1lim lim 0
x x

x

xlim 0
x

.

 : 
x

| x |lim 1 1
x

x

| x |lim 1 1
x

x

x 2lim 0
x x

x 2 2 x 0
x x x

x

1lim x 2
x x

:
x

g f x x
lim

x 2

x

1 | x |lim 1x 2 x
x x

iv) )
x g x 2

d x d ,
2

)  d  [–1,1] 
.

,
1x 1,1  d 

2x 1,1  d 
.

v) gD 1,1  g .

x 1,1
2

xg x
1 x

2

2

2

x1 x x
1 xg x

1 x
2 2

2 2 2 2

1 x x 1 0
1 x 1 x 1 x 1 x

 g 1,1 .

vi) = 6 6
20 0

1 xdx dx
x x

6
20

x dx
1 x

u x , du xdx

1u 0 0 , 2
1u

6 2
.

1
6 2

2 20 0

x 1dx du
1 x u 1

, 2

1
u 1 u 1 u 1

1 x , u 1,1 .
u 1,1 ,

0 1
1 2

1
2

,
1 1 1
2 2 2

20 0 0

1 1 1 1 1I du du du
u 1 2 u 1 2 u 1

1 1
2 2
0 0

1 1ln | u 1 ln | u 1
2 2

1 1 3 3 1 3 3ln ln ln 2 ln3 ln 2
2 2 2 2 2 2 2

3 ln3 ln 2
2

-
.

f : , R
2 2

-

: f(x)= x + 2x + 3x :

f(x) x  (1) x ,
2 2

, -

+2 +3 1.
:  f(0)=0  f 

f (x)= (1+ 2x)+2 (1+ 22x)+3 (1+ 23x), -
: +2 +3 =f (0)=

x 0 x 0
lim (x) lim (x) ,

f x f (0) f (x)
x 0

x
x

,  x 0.

: f (0) 1, 1  f (0) 1.

x 0,
2

(1) x  f(x) x x f (x) x
x x x

x–
x

(x) x
x

.

:
x 0

xlim
x

=1 1
x 0
lim (x) 1 1 f (0) 1.

: x ,0 x f x x
2

f xx x x xx
x x x x x

x 0
1 lim (x) 1 1 f 0 1 .

.


	Γ΄ΛΥΚΕΙΟΥ ΑΣΚΗΣΕΙΣ ΣΧΟΛΙΚΟΥ ΒΙΒΛΙΟΥ ΩΣ ΠΗΓΗ ΕΠΑΝΑΛΗΠΤΙΚΩΝ ΘΕΜΑΤΩΝ


