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 : . , . , . , .  

 

:    
  

 1  
   f    [0,+ ),  

  : 
 f(0)=1, f(1)=1  f(x)>0,   x>0. 
 f   (0,+ )   

f (x)
f (x)

= lnx +1,   x>0. 

.    f(x)=xx,    x>0. 

.    f      
x0=0. 

.    f     
  .  

.       
 Cf       

       
. 

: 
.    (0,+ )  f(x)>0, :  

      f (x)
f (x)

= lnx +1  (lnf(x))  = x lnx+x(lnx)    

      (lnf(x))  = (xlnx)   (1). 
H f     (0,+ ),   

.   lnf(x), xlnx  
  (0,+ ),   c R  

lnf(x) = xlnx + c,   x>0.    
,  x=1, : lnf(1) = 1ln1 + c  

 ln1= c  c=0.  lnf(x) = xlnx  
lnf(x) = lnxx  f(x)= xx,   x>0. 

.   x>0 : f(x)=xx =
2lnxe  = exlnx.  

xlnx= ln x
1
x

,  
0

lim
x

lnx= ,
0

lim
x

1
x

=+   
ln x
1
x

=
2

1
x
1
x

= x,  
x 0
lim ( x)=0,  : 

0
lim
x

xlnx=0, 
0

lim
x

f(x)=e0=1=f(0). ,  

 f    x0=0,    
[0,+ ). 

. f (x) = exlnx(xlnx)  = xx (lnx+1).    

f (x) =0     x0=e-1.  0<x<e 1 
: lnx< 1  lnx+1<0  f (x)<0,  

 f     [0, e 1] (  
 ’      

 ).       f 
    [e-1, + ).   f 

  x1=0    f(0)=1  

  x0= e 1,     f(e 1)= 
1
e1

e
.  

 .    ( , )   
  f,  >0. H    

     
: y –  = (ln +1)(x – )  (1) . 

          
   0 –  = (ln +1)(0 – ).  >0, 

  : 
(ln +1)=1  (ln +1) – 1 =0 (2). 

     x(lnx+1) – 1=0  
 .  

 g(x)=x(lnx+1) – 1, x>0. H g  
  g (x)=lnx+2, x>0.  

  g (x) =0     x=e-2.  
  0<x<e 2  lnx< 2  lnx+2<0  

g (x)<0,   g     
(0, e 2] (   ’    

   ).    
   g      

[e 2, + ).  
 g        

(0,e 2]   
g((0, e 2]) =[g(e 2), 

0
lim
x

g(x))=[ e 2–1,–1),  

x 0
lim g(x)= 

x 0
lim [x(lnx+1)–1]=

x 0
lim (xlnx+x 1)= 1 

   .  
   g(x)=0      

(0, e 2]. 
 g        

 [e 2,+ )   
g([e 2,+ ))=[g(e 2),

x
lim g(x))=[–e 2–1,+ ),   

x
lim g(x)= 

x
lim [x(lnx+1) – 1]= + . 
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   g(x)=0     
 (0, e 2],    (2).  

:  
 g(1)=0   g     
  [e 2, + )  x0=1   

.  
,   (1,1)    

 f        
     (0,0).  

 2   
   f   [ 2,2] 

 :  
 f   [ 2,2],   

  ( 2,2)   
 f2(x)–2f(x)+x2–3= 0,   x [ 2,2] (1). 
. N      f  

,      
  . 

B.  f(0) = 3,     
f(x) = 1+ 24 x , x [ 2,2]. 

   f  2 : 
i)   (x,y)     

 y=f(x), x ( 2,2)  x=x(t)  y= y(t). 
        

    y(t)   
       

 x(t),    x (t) 0  
 t 0. 

ii)      f   
    : f(x) = x. 

: 
.  : f2(2)  2 f(2) + 22 – 3 =0  (f(2) – 1)2 

= 1  f(2) = 1.  
f2( 2)  2 f( 2) + ( 2)2 – 3 =0  f( 2) = 1. 

  f( 2) = f(2)   f    1-1,  
   . 

 f    [ 2,2]  
 . 

         
   ( 2,2), : 

2f(x)f (x) – 2f (x) + 2x =0   
f(x)f (x) – f (x) +x =0  (1), x ( 2,2).  

      (1)    
   ( 2,2) , :  

(1)  2f(x)f (x) – 2f (x)+ 2x = 0   
f(x)f (x) – f (x)+ x = 0   
(f (x))2 + f(x)f (x)–f (x)+1=0,   x ( 2,2). 
A   f    x0    

f (x0)=0,    (2) (f (x0))2 = – 1, . 
  f    .  

.   x [ 2,2]  4 x2 0  (1)  
f2(x) – 2f(x) +1 =  x2 +4  (f(x) – 1)2 =  4 – x2  
f(x) – 1 =  24 x  (3). 

 g(x) = f(x) – 1, x [ 2,2].    
 (3) : g(x) = 24 x ,   

x [ 2,2].  :  
g(x) = 0  24 x =0  x= 2    x=2.  
E  g(x) 0   x ( 2,2)  g  

  ( 2,2),   g   
 ( 2,2),  g(x)>0   x ( 2,2)   

g(x) < 0   x ( 2,2).  
 g(0)=f(0) – 1 = 2>0,  g(x)>0  

  x ( 2,2). 
 g(x) = 24 x    x [ 2,2],   

f(x) = 1+ 24 x  ,   x [ 2,2].   

i) y(t)= 1+ 24 x  y (t)= 
2

x (t) x(t)
4-x (t)

. 

 t=t0,  y (t0) = x (t0) (1). :  

(1)  x (t0) y (t0) 0  y (t0)= 0 0
2

0

x (t ) x(t )

4-x (t )
  

 2
04 x (t ) = x(t0)  x(t0)  0  

x2(t0) =2  x(t0) = 2 . 
  :  

y (t0)= 0

2

x (t ) ( 2)

4-(- 2)
= 02 x (t )

2
 =x (t0).  

       
( 2 , 1+ 2 ). 

ii)  : 20 4 x 2  
21 1 4 x 3 1 f x 3    

x 2,2 .  f(2)=1,  f  
   x1 =2  1 (   

 x2 = 2).  
 f(0)=3,  f    

 x3 =0,  3.  f(x) 1  x 1  
 x [ 2,2]. To     
  x=0.  f(0)=3>1,  f(x)> x 

  x [ 2,2].    f(x) 
= x    [ 2,2]. 

 3   
  f   1–1, 

  R    
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  R*    :    
 f ( 1)+ f( 1)=e 1. 
 f -1(x) = ex 1     x 0.   
 f (x) = f(x)    x<0.  

.     f(x)=

x xe e , x 0
2

ln x 1 , x 0
. 

.    f    , 
        
. 

.     ,   
 : 

 >0 
       

  Cf,   x x,   y y 
   x=      1. 

 f x dx 0  

.  F    f  [ , ],  ,   
     < ,   

  x0 ( , )  : 
f2(x0) + (F(x0) – F( ))f (x0) = 0. 

: 
.    x Af =R     

f(x)   f(x)=y  f 1(y)=ey 1,    
 y 0.    x Af  :  

f(x) =y  x=f 1(y)  x= ey  1  ey = x+1  
x+1>0  y = ln(x+1). 

 y 0  ln(x+1) 0 x+1 1 x 0.  
 f(x) = ln(x+1)   x 0.   

f(0)=0.  
 x<0 : f (x) = f(x)  f (x) +f (x) = 

f (x) + f(x) (1).  g(x) = f (x) + f(x), x<0, 
 (1)  g (x) = g(x)  g(x)=cex.  x= 1, 

g( 1) = ce 1   e 1=ce 1  c=1.   
g(x)=ex  f (x) + f(x) = ex  exf (x) + (ex)  f(x) = 

e2x  (exf(x)) = 
2xe
2

    x<0   

exf(x)= 
2xe
2

 + , R  f(x) = 
xe

2
+ e x, x<0. 

  f    0,   

 (
xe

2
+ e x) = 0  = . 

  f(x) =
x xe e

2
,   x<0.  

 f(x) =

x xe e , x 0
2

ln x 1 , x 0
.  

.   x<0  f (x) = 
x xe e

2
>0   f 

   ( ,0]. 

 x>0  f (x) = 1
x 1

>0  f 

   [0,+ ). 
  f    0,   

    R. 
     :  
f(( ,+ ))=( f(x), f(x)) = ( ,+ ). 

 x<0, f (x) =
x xe e

2
. : x<0  x< x 

 ex < e x  ex – e x<0 
x xe e

2
<0 f (x)<0, 

  f     ( ,0].  x>0, 

f (x) = 2

1
x 1

 <0,   f   

  [0,+ ). 
.  x 0, f(x) 0,  ( )=1   

0
f (x)dx  = 1

0
x ln(x 1)dx =1  

0
x ln(x 1)

0

x dx
x 1

= 1  

ln( +1)  
0

x 1 1dx
x 1

=1    

ln( +1)  
0

1(1 )dx
x 1

=1  

ln( +1)  +ln( +1) = 1 ( +1)(ln( +1) – 1)=0 
ln( +1) – 1 = 0  +1 = e  = e – 1.  

   f x dx 0  (i)    

   : 
  =  = e 1   (i)  .  
    <0  (   0 <    

f(x) 0   x [ , ]      

  x=0,  f (x)dx >0,   

  .    < ,  f (x)dx

= f (x)dx <0,    ). 

 : (i)  
0
f (x)dx +

0
f (x)dx =0     

0
f (x)dx =

0
f (x)dx   

0
f (x)dx  = 1  

x 0
lim f (x) f (0)

x 0
lim 1

2

x
lim

x
lim
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0x x

a

e e
2

= 1 1 
-e e

2
 = 1   

e  + e  = 4  e2  – 4e  + 1 = 0 (1).    
e  = x     (1)   x2 – 4x +1=0 
(2)    x1 =2+ 3    x2 =2  3 . 
  (1)   e  = 2+ 3      e  = 2  3   

 = ln(2+ 3  )   = ln(2  3 )  = ln(2  3 ),  
 2+ 3  >1  ln(2+ 3 )>0,   

 0<2  3 <1  ln(2  3 )<0.  
T  (i)  = =e 1     = ln(2  3 ).  

.  < ,  = ln(2  3 )  =e–1. 
      

f2(x) + (F(x) – F( ))f (x)=0    
  ( , ).   F    f  

[ , ],  F (x)=f(x),   
f2(x)+(F(x)–F( ))f (x)=f(x)f(x)+(F(x) – F( ))f (x)=  
(F(x) – F( )) f(x) + (F(x) – F( ))f (x)=  
[(F(x) – F( ))f(x)] . 

 g(x) = (F(x) – F( ))f(x), x [ , ]. 
 g    [ , ],   

( , )  g( ) = (F( )  F( ))f( )= 0, : 

f (x)dx =0  F (x)dx =0  F( ) – F( ) = 0 

  F( )=F( ).   
 g( )=0= g( ),   . Rolle,  

x0 ( , )   g (x0)=0   
  f2(x0) + (F(x0) – F( ))f (x0) = 0. 

:        
       

  ,     
,  .  

 4   
    f:[0,1] R   

 : 
1 2

0
f ( x )dx 4

21 x

0
xf (x) e dx =

2e 1
2

 (1). 

.    : 
     4

21 x

0
xf (x) e dx = 2

1 x

0
f ( x ) e dx . 

.    f(x) =
2xe , x [0,1].  

.     f    
 [0,1]   ,     

 ey y+1, y R,   :  

i) 2x  f( x) 1,   x [0, 
2

].  

ii) 
4

2
0

f ( x)dx
2

 

(    2x = 1 2x
2

). 

.         
f            
 y = x  (0,1). 

: 

A.    = 
21 x

0
xf (x) e dx  

  I = 1
2

21 2 x 2

0
f ( x ) e (x ) dx .  

  g(x)=x2=u, :  

 =
2
1 g(1) u

g(0)
f ( u ) e dx =

2
1 1 x

0
f ( x ) e dx .  

  4  = 2
1 x

0
f ( x ) e dx .                   

B. :  
2e 1
2

=
12x

0

e
2

 = 
12x

0

e
2

=
2x1

0

e( ) dx
2

 = 

=
1 2x

0
e dx . :  (1)  

1 2

0
f ( x )dx 2

1 x

0
f ( x ) e dx =

1 2x

0
e dx  

1 2

0
f ( x )dx 2

1 x

0
f ( x ) e dx +

1 2x

0
e dx =0  

 
1 2 2x

0
(f ( x ) 2f ( x ) e )dx =0  

1 2 2x

0
(f ( x ) 2f ( x ) e )dx =0(1)     

 x 2(f ( x ) e ) 0   x [0,1],  
 x1   1x 2

1(f ( x ) e ) >0,  
1 2 2x

0
(f ( x ) 2f ( x ) e )dx >0,   (1).  

x 2(f ( x ) e ) =0   x [0,1],  
xf ( x ) e . 

   x [0,1],   u [0,1] 
 x=u2,  

22 uf ( u ) e
2uf (u) e , 

u [0,1],    f(x) =
2xe , x [0,1]. 

. f (x) = 2x
2xe , < 0   x (0,1)  

  f     [0,1]. 
i)  y= 2x, : 1 1 2x = 

2x 1  f( x)  2x,   x [0, 
2

]. 

ii)    , 

: 22
0

xdx  2
0

f ( x)dx 2
0

1dx , 

2xe
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     22
0

xdx = 2
0

1 x dx
2

=  

     
2

0

x x
2 4

= 
4

,    

     
4

 2
0

f ( x)dx
2

.  

.   
y f(x)
y x

,   

       f(x)=x     (0,1).  
 g(x) = f(x) – x, x [0,1]. H g    

[0,1]   g(0)=e0 – 0=1>0, g(1)= e 1 1 = 1-e
e

<0, 

   . Bolzano  x0 (0,1)  
 g(x0)=0.    g    

(0,1)  g (x) = 2x
2xe 1<0,   g  

    1-1.    
 x0  (0,1)  .  

 5   
       1, 

  A(1,0)    A     rad,  
0<  <2 .        y y  

 (0,y), : 

 

.    y=
-1

=f( ).   

.     f   
    .                        

     0<  < 
2

,  

        
  ,     : 

.     t=t0   
       

   1rad/sec,    

    y   
.  
.         

      
  . 

:  
.      

  ( , )  (1, ).  
    

y-0= -0
-1

(x 1) y=
-1

(x 1). 

 To           
y y, ,   x=0   

y=
1-

=f( ).   

 : : =( –1,  – 0)= 

(  – 1, ), I =(0 – 1, y – 0)=(– 1,0). 
:   

// I  det( , I )=0
1

1 y
=0 

(  – 1)y+ =0  y=
1-

. 

.   f     (0,2 ) 
: 

f ( )=
2

2

(1- )-
(1- )

= 2

-1
(1- )

= 

1
-1

<0,   (0,2 ),   f  

 .   f   

  (0,2 )  f ( )= 2-1
. 

 f ( )= 0   = .  (0, ), f ( )> 0, 
  f    (0, ].  
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 ( ,2 ), f ( )< 0,   f    
[ ,2 ).  ( ,0)     

  f. 

  f    (0,2 ) (  
),      

x=0  x=2 .     
0

lim f( ) 

 
2

lim f( )     

0
0

.  ( )
(1 )

=   
0

lim = +  

 
2

lim = .  

 
0

lim f( )=+ , 
2

lim f( )=  

  x=0  x=2     
     f  

 . H    
f    . 

.     t=t0   
  ,   =  y =y  

=  
1

 1–  =   = 1
2

  

=
3

,  0 <  < 
2

.   

y (t0) = 0
0

1 (t )
t 1

= 1
1 1
2

1= –2 . 

.  0 <  <
2  

 
3  

   

 . : 

( ) = (OI KA)OA
2

 = 1  ( )
2 1

 = 

1  
2 1

 = 
2 (1 )

. 

    = 
3

,   

      

( ) =  = (OI KA)OA
2

,  = .  

       
 :  

( ) = 
2 (1 )

, 0<  < 
2

.  

 ( ) = 
2 2 22 1 2 1 2

2 (1 )
 

=
21

(1 )
= 

21 (1 )
(1 )

 

2 2

2

1 (1 ) 1
(1 ) 2 1

. 

  > 0      0<  < 
2

,  

     ( )   
 .  y=    
   g(y)= – y2 –y +1,   

0<y<1.  

  = 5    y1,2 = 1 5
2

.   

y (0,1),    y= 1 5
2

. :  

0<y< 1 5
2

g(y)<0  1 5
2

<y<1 g(y)>0 . 

 0 (0,
 2

)     0=
1 5

2
.  

   y= = y( )   

  (0, 
2

), : 

0< < 0 0> > 0 1>  > 1 5
2

 

 g( )>0  – 2  –  +1>0 ( )>0, 
 ( )    (0, 0) 

0 < < 
2

   0> >  
2

  

1 5
2

 >  > 0  g( )<0   

– 2  –  +1<0  ( )<0,  ( )  

   ( 0, 
2

).  

   ( )    
= 0  .  
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 1  

   (x) ,  

.         f -
 ,    . 

   
.        f -

 .  
.        

      f, 
  ,       

 
.       

A { 3, 1},   
2x 3x 2 0 x 3     

 f       
2 2

2 2

(2x )(x 2x 3) (2x 2)(x x 1)f (x)
(x 2x 3)

  

2

2 2

(2 )x 4x 3 2
(x 2x 3)

  

   f (x)       

     
2P(x) (2 )x 4x 3 2  

   P(x)    ,  f (x)   

  ,     
,   f    .  -

    
 

  

  

   P(x)    ,  f (x)   

      
,   f   .  -

   . 
   P(x)        -

 ,       , 

     ,  
 ,   f   .  

   
 

  

   f: 

   ,    

   ,     

   ,    

 , : 

.    

      -
 –   f. 

 
       -
 f     . 

,   

.   : 

  
  

     f   -
  

 

       
  ,       

.   
    . ,  
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  ,      
  

  

  ,   
  

       

     

  (1),  , 

 

 

 
 2   

   (x) ln( ) x   

.         
     . 

.        
        

  . 
.     ln( x) x   
.     ln( x ) x   

.         -
     ln( ) ,  

   . 
 

.       : 

  

,   

 f       

  

  ,   f    
 .  f      

  

      

  . 

.         

 

  f    .  
  :     

    ( )    
    

.   : 

  

  

       0  
   ,   
       . 

,        0. 
: 

,      -
      
    ,    
      

.      -
       

   .  

’     x : 

 

 

>

  

,       

x    
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.        

 : 

 

  

  

  

  

       
 . ,     -

. 
 3   

.       
   ln   

.     

f(x) (lnx ),  

.         
 . 

.       ( )  -
  

i. ( )(x)      

ii.    ( ) f ( )   

.        
      f 

   . 
 

)    

  g    
   

  

  . ,  g    
 . ,    

    g  . Bolzano  
 .  

,   ( , 
   g)    

. 

) .  f       

  

          
     . , : 

  
 

  g   . 
 

x  0                                             
                    0           

  . . 
 

,  f     -
  ,      -

    ,  . 

. i. :   

    

,    

,     : 

  

ii.     
 

    f     

  

    

 

  

  0       
    f   -
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      -
     

 

     
 h      

  

 ,  ’  . Rolle -
      

  

        -
   . 

       

 

  ,      f 

  

       
     

,     

 

.   :  

 

x  0            1                               
           0           

                   0             
        0         0            

    f   
        

     f  . 

,  

= 

  

 4 
 ,      

   : 
 (x) ln(g(x) x), x   

 (x) ,
(x)

  

 (x) , g(x) x      
( )   

.      ,   

 (x) ln   (x)   

.     ( , )   -

  
(x ) f( x) f(x ) f( x )   

. i.     (t)
(t)

  

ii.      :  

    

(t)(x) (x)dx
(t)ln ( )

  

 
. : 

  

  

 

 ,  . ,   (1) -

 

, 

    .  

,   

.       
,  (2)  

  :  
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      ,  

     
  

    h   . 
, : 

  

. i. : 

  

  

ii.     ( . i.) : 

 

,     

   

,   

 
 5 

 :( , )      

: 
 (x)(x)e ,   

        
 ( , )   

.    (x) lnx x, x   

.         -
      

.         
(x) ,   

.      

ln  ,  (1) 

.         
  ( ): y x   

.         
      
 f      

( )       

(x)     

 
. : 

 

  

  
     

, : 
 

.    : 

 

     f   -
       

 .      

   

,    

  

  . 

     
.  f  ,   

       :  

   

 

     f   
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 ,     -

   .  

,       

.  

      
.  

: 

  

  

        . 

.     : 

      
  ,    ,  

        . 
 

       -
   . 

 

      
    . 

 
.     

  , 

  
 

 

 
 

 
 

  

     f 

  . 
 
.     .   

 

  

        -
     ,  . 
,      -

  ,      
        

. 
 

.        
      ,  
     

  . 
 

 
 

,   
 

,   (2) 
 

        
  

, : 
 

 

 

  

 

 

 

  

   . 
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  –  1  

 
 1.    ,    2x 2xsin x 3cosx 0 ; 

. , 2 2 2f (x) (x 2x sin x sin x) (cos x 3cos x 1)
2

2 3 13(x sin x) cos x
2 4

 

  x ,  x , ,   : 
2 2 2 2 2

2 2 2
2

(x sinx) | x sinx | (| x | | sinx |) ( 1) (3 1) 4

3 13 3 13 3 13 3 13cosx | cosx | | cosx | 1 3
2 4 2 4 2 4 2 4

.  

 2 23 13
2 4

4 3

f (x) (x sin x) ( cos x) 0        , , . -

    ( , ) .  f (x) 2x 2sin x 2xcosx 3sin x 2x(1 cosx) 5sin x . 

 : • f (0) 0  

  •  x ( ,0) , 
00

f (x) 2 x (1 cos x) 5 sin x 0 . 

   •  x (0, ) , 
00

f (x) 2 x (1 cos x) 5 sin x 0 . 

 

( )y f x  

2    

20  

10  ( )y f x  
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2 2

2 2

y 4y
F'(y) 2

4y
,  F'(y) 0 2 2y 4y 0 3y

3
, 

F'(y) 0 3y ,
3

    F'(y) 0 3y ,
2 3

.  

  F      0
3y

3
,     0    

 
2 2 2 2

2
0 0

3y
2 3 4 12 6

. 

         0 . 

 :          1 3
2

   

0
3 1 3

6 3 2
,      0      

        ( , ).      

  : 
2

2
min 0 0 0

1 2 3 3 1F F y h 2y y h h 3
2 3 6 2

. 

:     3F' y 0 y
3

  3F'' 0
3

 ( ’  

2

2 2 3 2
2F'' y 0

(4y )
  y ,

2
)    3F

3
      

 F,      . 
 .  ’      ,   ! 
 

  

 

( , )

y

x

z

(0, )h

, 0
2

, 0
2

O
X

Y
2 2

2 21
2

2 21
2

( )

( )

( )

x h

y

z

 
 

 
2 2

2 2 2 21 1x y z ( h) f ( , )
2 2

. 

     f     
2

2
f f f, , ,     

  
         ,       

  , ( )    3
3

 (  ). 


	Γ΄ ΛΥΚΕΙΟΥ
	Θέματα Επανάληψης
	Μαθηματικά Κατεύθυνσης (Ασκήσεις Ανάλυσης)
	Μαθηματική Ανάλυση και Γεωμετρία

