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Evéelktikég Avoelg
B’ TYMNAZIOY
MpdéBAnpa 1. Na vmodoyioete Tig aplOunTiké TAPACTACELS
A=1[(-3)3+27 - (=5)%+ 10%] - (32 — 2%),
_ 9 (=53 + 10%)*
@-37

KaLva ypaPete Tov aplopo % w¢ SVvaun pe aon to 5.
Abon
A=[(-3)3+27—(=5)3+10%]- (32 —2%2) = (—27 + 27 — (—125) + 100) - (9 — 4)
=225-5=9:25:5=9-53,
9 (=53 + 10%)* _9-(—-125+ 100)* 9 (—25)* 9 25%

(23 -3)2 (8 —3)2 52 52
9-(52)* 9.58 .
= 52 = 52 = 9 . 5 .
A 9-53
—= =573,
B 9-56

MpofAnua 2
0 BeTikog axépatog a elval Tétolog wote: 1 < a < 40. Na mpooSiopioete OAEG TIG TLUES
TOVU & Yl TIG OTto(eG TO GBpolopa

MKA{a, 20} + MKA{a, 40}

(1) Aapdvel ) pikpdTEPN SuvATY TLUN TOV,

(2) Aapavel ) peyaAdvtepn Suvatn Tiun Tov.
Inueiwon.
Me MKA{a, B} ovuBolifovue to uéytoto koo Stapétn twv aképaiwv a, f.
Avon
(1) H pixpotepn Suvatn tipn tov abpoiopatog eivat 1 + 1 = 2 kat avt ovppaivel 6tav
MKA{a,20} = MKA{a,40} = 1, 5nAadn 6Tav o 0eTikds aképatog a, pe 1 < a < 40, eivat
OXETIKA TIPWTOG TPOG Toug aplBpovs 20 kat 40, SnAadn otav

a€{1,3,7,911,13,17,19, 21, 23,27,29,31,33,37,39}.
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(2) H peyaAvtepn Suvat tiun tov abpoiopatog eivat 20 + 40 = 60 kat autr) cupfaivet
otav o Betkdg akeépaog a, pe 1 < a <40, eivar tétolog wote MKA{a, 20} =
20 kat MKA{a,40} = 40 & a = 40.

MpdéBANua 3

210 SimAavod oxfua Stvetal Tpiywvo ABT pe yovia T =
60°. To onueio A TG mAevpas BT eivat Tétolo wote ) AA
va eivat 8ixotoépog g yoviag A = 2w kat AB = AA. T
To onuelo E ¢ mAevpdg Al loyVel 0t AE = AB. H evBeia
AA tépver v evBeia BE oto onueio Z.

(a) Na amodeigete otu BZ = ZE.

(B) Na Bpeite to pétpo g ywviag I'BE.

Znueiwon. Na kdvets 1o 1K oag oYIjua oTo ypamTo oas.

IxMpa 1

AvVon
() Emeld1 To tpiywvo ABE sivat icooke)ég pe AB = AE 1 Stxotépog ™G ywviag A
elvat kot Stapecog, omtote BZ = ZE.

(B) Emedn AB = AA to tplywvo ABA eival LoooKeAEG e

B = AAB. (1)
'Opws 1 ywvia AAB eivat Ewtepikn 6to Tpiywvo AAT, omdte
AAB =T + AAT = 60° + w. (2)

Amé Tig oxéoeis (1) ko (2) émetan 6ti: B = [ + AAT = 60° + w, omdTe amd To Tpiywvo
ABT éxovpe:
A+B+T=180°= 2w+ w+60° + 60° = 180° = 3w = 60° = w = 20°
Apasivat: A = 2w =2-20° =40° kot B=60°+ w = 60° + 20° = 80°.
Emeldn AE = AB 1o tplywvo ABE elval tcookeAég pe
180° —A  180° — 40°
2 2
Y10 Tpiywvo BET 1 ywvia AEB sivat e€wtepiki, omoTe loovTaL e TO &BpoLopa Twv SV0
QTTEVAVTL ECWTEPLKWOV YWVLWV TOV TPLYWVOU, SNAadY| X0V UE:

AEB =TBE + ' = 70° = I'BE + 60° = I'BE = 70° — 60° = 10°.

ABE = AEB = = 70°,

MpéBAnua 4
Atlvovtal ot BeTikol aképatot
A=afy =100a + 105 +y Kol B=py=108+y,

ue a # 0,8 # 0,y Ynela. AvoxOet A — 3B = 542, va tpoodlopioete 0Aeg TIG SuvaTéG
TIHEG TOV aplBpov A.
AvVon
A—3B =542 & 100a + 108 +y — 3(108 +y) = 542
© 100a = 208 + 2y + 542 & 100a = 2B + 542.



Emeldn ta f # 0 kary eivat ymela émetat 0t 20 < 2B < 198, omdte
562 < 100a = 2B+ 542 <740 © a € {6,7}.

Av a = 6, TOTE:
2B =58= B =8y =29=A4=afy=629.

Ava =7, tots:

2B=158=B =Ly =79=A=afy = 779.

I'" TYMNAXIOY

MpéfAnua 1
Ava +4b =5, va Bpelte TNV T NG TTAPACGTACTG

5\ 2 5\ "
A = (3a+12b)3 — (5a + 20b)? + [15 - <_Z) ] ;(_ E)
Kalva ™ ypawete wg Suvaun pe Bdon to 5.

AVon. H mapaotaon A ypagetat:

A = (3a +12b)* — (5a + 20b)? + [15 (- %)_2} : (‘9_4

4

= (3(a+4b))® — (5(a + 4b))? + [15 ' <_ g)z] : <_ g)

s 5 (22)2 24
= 27(a +4b)* = 25(a + 4b)* + (15 -5 )i o5
15-2% 5*%
=275 =255 +—5—+ 3 =27-5°~25-5" +15-5

=27-5%-10-5% =27-53-2-5°
=5%.(27-2)=5%25=53 52 =55,

MpoBANpa 2

Na mpoodiopioete v gAdylotn Suvatr) TIUN Tov BETIKOV AKEPALOV V Yl TNV OTIolx 0
apBpos A = 2178 v ooUtal UE TO TETPAYWVO OeTIKOU aképalov kal o aplOuog
B =810 - v wo0oUtal pe Tov kKO0 BeTIKOU aképatov.

Abon
Ipaovpe Toug aplBpovs 2178 kat 810 wg yvoueva TPpWTWY TTapayoviwy. Exovpe:
2178 =2-3%-112 ko 810=12-3%*:5.

Mapatnpovpe 6tLo apBuds 2178 = 2 - 32 - 112 yivetat TEAELO TETPAYWVO AKEPALOV,
OTaV TOAAATIAQCLXOTEL [E Eva BETIKO AKEPALO TNG LOPPNG:

21+2¢. 328 . 1127 - K2 émov a, B, ¥ = 0 axépatoy, K BeTikdG axépatog.

Mapatnpovpe 6tLo apBuds 810 = 2 - 3* - 5 yivetal TéAslog kOPoG axépatov, GTav
TOAAATAXGLACTEL PE EVa BETIKO AKEPALO TNG LOPPNG:

22+38 . 32432 . 52+3C. 13 4mov 8,6,{ = 0 axéparot, A BETIKOG aKéPALOG.



[Mapatnpovpe 6tL 0 tapdayovtag 11 Sev vapxel otov aptbuod 810, omdTE pmopov e va
Bewpnoovpe 6TLY = 0. Emiong o mapdyovtag 5 dev umtapyel otov aplOpo 2178, omote
umopovpe va Beswproovpe 6Tl ¢ = 0, omdTE B Tdpovpe K? = 52 mov elvar TéAgLo
TETPAYWVO.

[a v €Opeon Tou €AGYLOTOU BETIKOU AKEPALOU V TOU LKAVOTIOLEL KAl TIG SV0
TLPONYOUUEVESG TEPLTTTWOELS, TIPETEL VA BPOUUE KAl TIG EAAYLOTEG SUVATEG TIUES TWV
OUVTEAECTWV @, 3, 0, € YL TLG OTIOLEG LOXVOULV OL LOOTNTES

14+2a=2+4+36,28=2+3e.
Avtégelvatot a = 2,6 = 1xa B = 1, = 0. 'EToL TEAKAE TTPOKVTITEL:
v =25-32.52 =7200.

[Ipaypaty, TOTE YOV E:
2178-v =2-3%-11%2-25-32.52 =(2%3-32-5-11)?

810-v=2-3*-5-25-32.52 = (22-3%-5)3

EVOAAQKTIKE, Yl TOV TIPOGSLOPLoUO TNG EAAYLOTNG SUVATNG TN G TOV BETIKOV
AKEPALOV V, HTIOPOVE VA EPYACTOVUE OTIWG (PAIVETAL OTO TIAPAKATW XN UA:

Terpdywvo Kupog
A — 92.32.112 B=23%5

e loe

23 25

@ v=2%325%=232.9-25 = 7200

MpépAnua 3 A
1o Sumhavo oxnua Sivetatr tpiywvo ABIT pe ywvia

ATB = 60°. To onpeio A g mAevpdg BT eival tétolo “\

%ote 1 AA va givat Suyotépog g ywviag BAT = 2w

kot AB = AA.

'l to onpeio E ¢ evBelag AA woxvel otu: AE = AT.

Ot evbeiec AB kat T'E tépvovtal 6to onueio Z.

(o) Na Bpeite To pétpo Twv ywvidv ABT kat BAT tovu

Tprywvou ABT. .
(B) Na amodeitete 6tu: 'A = TE. B A r
(v) Na Bpeite To pétpo g ywviag AZT .

Znueiwon. Na kdvete to SIKO oag oyijua oto ypamto 7 é/\E/
oas Sxfua 2

Abon

(a) Emteld1) AB = AA to tplywvo ABA elval LooOKEAEG e
B = AAB. 1



'Opws N ywvia AAB sivat eEntepik} oo Tpiywvo AAT, omdte
AAB =T + AAT = 60° + w. (2)
Amé Tig oxéoets (1) kat (2) émetan 6ti: B = T + AAT = 60° + w, omdTe amd TO TPiywvo
ABT €yovpe:
A+B+T=180°= 2w+ w+ 60° + 60° = 180° = 3w = 60° = w = 20°
Apasivar: A =2w =2-20°=40° kat B=60°+w = 60° + 20° = 80°.
(B) Emedn AE = AT to tplywvo AET elval tlcookeAEG e
180° — w _ 180° — 20°
2 2

ARl = ATE = = 80°.

ETtiong, loxveL 6Tt
EAT = AAB = B = 80°,

omote éxovpe EAT = AET = 80°.
Emopévwe to tplywvo I'AE elval tcookeAég pe F'A = TE.

(v) H ywvia AET = 80° eivau swtepiky 610 Tpiywvo AZE, omdte éxoupe:
AET = AZE + w = 80° = AZE + 20° = AZE = AZT’ = 80° — 20° = 60°.
MpéBANua 4
Atvovtal ot BeTikol aképatot
A= afyd =1000a + 1008 + 10y +8 o B = Byd = 1008 + 10y + 6,

ue a #0,8#0,y,6 ymela. Av woyVet A— 5B = 1260, va mpoodopiloete 0Aeg TIg
Suvatég TIHéG Tov aplopov A.
Abon

A—5B =1260 & 1000a + B — 5B = 1260

© 1000a = 1260 + 4B.
Emeldn o Betikog aképatog B etval tpudmeuog, Ba eival 100 < B < 999, omote:

1660 < 1000a = 1260 + 4B < 1260 + 4 - 999 = 5256
& a €{2,3,4,5})

e Ava =2, 1612000 = 1260 + 4 - By < ByS = 185 ka1 A = 2185.
e Ava =3, 16te3000 = 1260 + 4 - ByS < Bys = 435 ka1 A = 3435.
e Ava =4, 1614000 = 1260 + 4 - By < ByS = 685 ka1 A = 4685.
e Ava =35, 1615000 = 1260 + 4 - fyS < Lyd = 935 ko A = 5935.



A" AYKEIOY

MpéBAnua 1
Na amodei&ete OTLUTTAPYOLV ATIELPESG TTEVTASEG SLASOXIKWV DETIKWV AKEPAIWV TWV
omoi{wVv To dBpolopa eival TEAELO TETPAYWVO aKepaiov.

AbYom (195 TpodTOG)
‘Eotw 6Tl ot Stadoyikol Betikol aképaotv —2,v—1,v,v+ 1,v + 2, pe v = 3 elvat
TETOLOL WOTE

v=-2)+@v-D+v+W@+1D)+(¥+2)=a?e5v=a?
OToL a BETIKOG AKEPALOG.
Mapatnpovue ot1, av Tdpovpe v = 5k2, k € N*, 1o1E éxoupe:
5v =5-5k? = (5k)?,k € N*,

ETopévwg, vTtdpyxouvv Amelpeg TEVTASESG SLASOX KWV AKEPALWY TWV OTO{WV TO aBpoloua
TWV OTOLYEIWV TOUG ElVaL TEAELO TETPAYWVO AKEPALOL.

(295 TpOTOG).
‘Eotw 0Tl ot Stadoxikol Betikol aképaot v, v+ 1, v+ 2, v+ 3,v+4pe v=1elvan
TETOLOL WOTE

v+ v+ D+ W+2)+@+3)+ W+ =a’e5v+10=a? o 5w +2)=d?
OToL a BETIKOG AKEPALOG.
Mapatnpovue 6Ty, av tapovpe v + 2 = 52,k € N* © v = 5k% — 2,k € N*, tote £ovpe:
5(v+3) =5-5k? = (5k)% k € N*.
ETopévmwg, utapxouV ATELPEG TTEVTASES SLAS0XIKWV AKEPALWY TWV OTIOLWV TO ABpolopa
TWV OTOLYEIWV TOUG ElVaL TEAELO TETPAYWVO aKEPALOL.

MpoBAnpa 2
OtapBpoi a, B eitval Betikoi aképatot TéTool wote 0 < a < . Na Bpebolv 6Aeg ot
Suvartég eElowaoels Seutépov Badpol pe AyvwoTo TO X, oL 0Ttoleg £xouv pileg
p1=a’+ap, p, =af +p?

TWV 0TOLWV TO YWVOUEVO p;p, EVAL (00 LLE TO OKTATIAGGLO TOU aBpoilopatos py+p;.
Abon
To abpolopa twv pLlwv ¢ e&lowong eivat

p1+ py=a’+aB+aBf +B*=a*+2aB + B = (a+p)*
To aBpolopa Twv pLlwv ™G e&lowong elvat

p1p2 = (a® + aB)(af + B?) = af(a + B)*.

ATté TV uT6BeoN TIPEMEL VA LOYVEL:

p1p2 =8(pr + p2) © af(a+p)* =8(a+p)* & af =8,

aov (a + B)% # 0.
Emeldn ot apBpoli a, § elvat Betikol aképatot tétolot wote 0 < @ < B, anod v e§lowon
af = 8 mpoxkvmrtovv ta Levyn (a, B) = (1,8) xat (a,B) = (2,4).

e Av(a,p) = (1,8) éxovue p; + p, = 81, p;1p, = 648 ka1 {ntovpevn e€icwon
elvat



x% —81x + 648 = 0.

o Av(a,f) = (2,4) éxovue p; + p, = 36, p1p, = 288 ka1 {ntovpevn eicwon
elvat

x%? —36x + 288 = 0.

Mpo6fAnpa 3

Na efetdoete av pmopovue va Slapepioovpe Ta OTOEI TOU OULVOAOL A =
{1, 2,3, ...,30} oe 8¢k vTTOOUVOAQ e Tpla oToLKElX TO KABEVQ, TTOV VA ElVAL TETOLX WOTE
éva 6ToLXE(0 TOUG Vo LooVTAL e TO aBpolopa TwV §V0 GAAWV.

Inpelwon. 21y diauspion tov ovvdlov A mpémel va ypnoomoinBovy dlda ta otoyeia
TOU i popd to kabéva.

Avon
AgumoBécoupe 6TL umopovpe va Slapepiocove To oVVOAO A o€ éka VTTOGUVOAX, OTIWG
(ntettal Eotw {a, B, v} éva and avtd ta vmooUvoda pe a = B + y. Tdte Ba ivor

a+p+y=2a=aptwog. D

Emeldn to (810 woxvel yia 6Aa Ta UTTOOVUVOAQ, TO ABPOLOUA TWV CTOLXEIWV TWV SEKA
UTOGUVOAWYV, SNAaST TwV 6TOLXEIWV TOU cLVOAOL A, Ba gival aplOpPOG APTLOG.

‘Ouwg, To ABpolopa Twv oTolyElwV Tou A glvat:

3031
142+3+-+30=

= 15-31 = 465,

TEPLTTOG aplBpdg, To omoio avtikettal otn oxéon (1). Apa dev eival Suvatod va yiveln
Slapéplon mov (nrteital
MpépANua 4
Alvetal tetpaywvo ABT'A mAgvpag a. 'Eotw E To péso g mAevpdg I'A. H kaBetn evbeia
amd v kopuen A mpog tnVv gubeia AE tnv Téuvel 6To onuelo Z kal TEUVEL ETiONG TNV
Staywvio AT oto onueio H kat v mAevpd BT oto onueio O©. Na amodeiete otu:
(a) AE = A®
(B) AEA = T'EH.
(y) Ta onpeia B, H kat E eivat cuvevBelakad.
AVon
(o) Ta tpiywva AAE kat TA® givat opBoywvia, agot AAE = 90° = AL®, kat £éxovv:
EAA = 90° — AEA = EAZ = TA® xav AA =TA = a.

Apa ta tpiywva AAE xat TA® elval ioa, (oxnua 3), omdte Ba €xouv kat

AE = AQO.
(B) A6 ™V woTnTa Twv Tptywvwy AAE kot T'AO €xovpe ot
a
re = AE = =TE (1)
AEA = TOA (2)

Tote Ta Tpiywva THE kot THO éxouv v mAevpd TH ko, ETH = 45° = HI'O (apot
AT Stxot6pog TG Ywviag BIA) ko TE = T'O, Adyw g (1).



Apa ta tpiywva T'HE ko THO eival ioa (kpimpro I1-T-IT), omtote Ba £xouv kat
T'EH = I'GH = I'OA. (3)

AT6 115 oxéoeig (2) ko (3) émetan 6t AEA = T'EH.

A A A A
Z

T Z T
E e) E

H r//’ ¥ H a"/’ ¥

_____ ’ 45° ',«"’/ 45
B ,x'/ 45 r B e 45 r

o )
IxMua 3 Ixua 4

(y) Ta tptywva IF'A® kot I'BE givat opBoywvia kat emmAEoV £xouv
a
[A=TB=a xat I"(E)=FE=E.

Apa ta tplywva I'AO kat I'BE elval ioa, omote Ba €xouv kot
I'EB = I'0A (4)

AT6 11§ oxéoeig (3) kat (4) émetan 6TL TEB = T'EH, ométe T onpeia B, H kat E ivat
ouvevbelakd.

() (2°s tpémog) Amd v woéTTA Twv opboywviwv Tprywvwv AAE xat TA® tovu
epwtuatos (o) elval OT = % = B0, om6te 10 O elvat to péoo tov BI. Av O elval to kévipo

TOU TETPAYWVOV, TOTE To onueio H eival To onueio toung twv Stapéowv I'O kat AO tov
Tprywvov BAT, SnAad) elvat to Baplkevtpo Tov BAT, To omoio ivat To onpueio TOUNG Twv
Stapéowv I'O kat BE, omote katn Sitapeocog BE mepvael and to H, oynua 4.

Tuvenwg, Ta onpeia B, H, xat E givat cuvevBelaka.



B” AYKEIOY

MpofAnua 1
Atvetar o&uywvio Tpiywvo ABT pe AB < AT kat ywvia AT'B = 60°. To onpeio A avijket
oV mAevp& Bl kat eivat Tétolo wote 1 AA va givan Sixotodpos ™S ywviag BAT = 2w
kat AB = AA. Znv TpogkTaon Tov VOVYPAUNOV TUNUATOG AA TIpoG To UEPOG Tou A
maipvoupe onuelo E étol wote AE = AT I[lavw oto evBUypappo tunqua AE maipvoupe
onueio I £étot wote EI = T'A. Na amodeiete o6TU:
(a) to I eivar To ompeio Toung TwV SixoTOHWY TOL TPLywvou ABT,
(B) o Tpiywvo BIE eivat ioémAevpo.

Abon

(a) Emteld1) AB = AA 10 tpiywvo ABA elval tloookeAEg

13

B = AAB. (1
'Opws 1 ywvio AAB givat eEnTepikr} 6To Tpiywvo AAT,
OTOTE

AAB =T+ AAT = 60° + w. (2)

Ao g oxéoeig (1) kat (2) émetan OTL:
B =T+ AAT = 60° + w,
0TOTE Ao TO TPlywvo ABI €xoupe:

A+B+T=180°= 2w+ w + 60° + 60° = 180°

= 3w =602 = w = 20°. E

IxNua 5
Apa eivat:

A=2w=2-20°=40° xou B=60°+w=60°+20° = 80°.
Emeldn AE = AT 1o tplywvo AET elval LoooKeAES pe

180° —w  180° —20°

AET = ATE = = = 80°,.
2 2

Emtiong, 1oxveL 6Tl
EAT = AAB = B = 80°,
omote éxovpe EAT = AET = 80°.
Emopévwg to Tplywvo I'AE elvat icookeAég pe T'A = T'E. Emeldn) EI = T'A, émetat 0t
T'E = EI, omtdte 10 Tpiywvo I'El elval 1cookeAES pe

180° —IEI' _ 180° — 80°
2 2

EIl = ET1 = = 500,

Emopuévwg, éxovpue
. . . ATB
AT'l = ATE — ET'1 = 80° — 50° = 30° = —

omdte ka1 evBeia I'1 elvan StxoTdHOG TS Ywviag ATB.
Emopévwg, To I elvatl To onpeio Touns Twv SixotéUwV Tou Tptywvou ABT.

(B) Emewdn AET = ABT = 80°, 1o tetpdmAsupo ABET eivat yypdsipo.



Apa Ba ivar ko BEI = BEA = BI'A = 60°. EmumAéov, emetd) 1 Bl eivat Siotdpog g
ywviag B, éxoupe ABI = 40°, omdte yio T ywvia BIE mov sivat eEwtepuc oo tpiywvo
ABI £xoupe:

BIE = ABI + w = 40° + 20° = 60°.

Apa to Tplywvo BIE gival todmAgvpo.
205 TpdTOG
(B) Eotw onpeio Zotnv TPoEKTACT TNG
I'B mpog to B tétolo wote AZ = AT = AE. Tote
10 Tplywvo AZI' elvar 1wo6mAgvpo  (wg
L00OKEAEG Pe pia yowvia fon pe 607), omdte

AZB = 60° kaw ZAB = 20".

EvkoAa BAémovpe 6TL Ta Tpiywva ZBA kat EBA
elvat ioa amd I-T-I1, kot emiong to Tpiywvo
ZBA eival (oo pe to F'AA amo IIT'T], omote

BE =7ZB =TA = EI

'Opws 1 Yywvia BEI = BZA = 60°, omdte T0
Tplywvo BEI eivat .oomAgLpO. Ixnua 6

(o) Eivaw BIA = 60°ka IAB = 20° 4+ 60° = 80°, wg eEwtepixn} 6to AAT, omdte [BA = 40°,
atmd To GBpolopa Ywvidv Tou Tptyovou IBA. AA& ABA = 80°, ané To dOpolopa
Ywviwv Tov Tptywvou ABT, dnAadn n IB Sixotouel v ywvia ABI. Apa to I elvat to
onuelo TopNG TwV SLY0TOHWY ToL Tptywvou ABT.

MpdBANua 2
Na mpoodiopioete ta (evyn mpaypatikwv oaplBuwv (x,y) mouv eivat AVoe Tov
OUOTNUOTOG:

|x =3yl =2x+y—20
|12x +y| = 2x + 5.
Abon
‘Exovue
2x+y—20=|x—-3y|=20=>2x+y=>20>0= [2x+y| =2x + y,
omoTe ) evTepn e€lowon yivetat:
2x+y=2x+5ey=>5.
Ma y =5 nmpwt e&lowon yivetat:
|x — 15| = 2x — 15. @Y
Emeldn 2x — 15 = |x — 15| = 0, éxoupe Tov eplopopd x = 7,5. Tdte and v e€icwon
(1) éxouvpe:
x—15=2x-157x—-15=-2x+15

© x = 0 (amoppimretal) 1 x = 10.



Emopévwg, To cvotnua éxel tm Avon: (x,y) = (10, 5).

MpoBAnpa 3

Na e€etdoete av umopolpe va Stapepiocovpe Ta otolyeia tov cuvorov A = {1, 2, 3, ...,42}
o€ 14 vmooVUvoAa pe Tpla otolyela To kKabéva, oL va elval TETOLA WOTE €va oTolyElo
TOUG va LoovTalL UE To GBpolopa Twv dU0 GAAWV.

Inpeilwon. 21y diauspion tov ovvolov A mpémel va ypnoomoinBovy dlda ta otoyeia
TOU i popd to kabéva.

AvVon
Ag vmtoBéoovpe OTL pmopov e va Stapepicovpe To ovvoro A oe 14 vtocUvoAa, OTIwWG
(ntettal 'Eotw {a, B, ¥} éva and avtd ta vmooUvoda pe @ = B + y. Tote Ba ivor

a+pB+y=2a=aptwog. D

Emeldn to (8o oyvel yia 6Aa Ta LVTOGUVOAQ, TO ABpoloua TwWV OToEIWwY Twv 14
UTOGUVOAWYV, SNAaST TwV 6TOLXEIWV TOU cLVOAOL A, Ba eival aplBpPoG APTLOG.
‘Ouwg, To ABpolopa Twv oTolyElwV Tou A glvatl:

4243
14243+ +42=

=21-43 =903,

TEPLTTOS aplBpdg, To omoio avtikettal oty oxéon (1). Apa dev eival Suvatod va yiveln
Slapéplon mov (nrteital

Mp6pfANpa 4
Atvetain e€lowon
x2—(a+pB)3x+4af(a+p)—1=0,

OToVL ol TapapetpoL a, B elval Betikol aképatot. Na amodeiete otL:
() H e€lowon éxeL 8o avioes pileg oto R.
(ii) Av ot pileg g e&lowong elvar pntot aplBpoi, Tote a = .
Abon
(i) H dwxpivovoa tng e§lowong etvat

A=(a+p)°—4@af(a+pB)—1) =(a+p)°—16af(a+p)+4

=[(a+p)3?+22-16af(a+p)>2-2-(a+ ) —16aB(a+f)

> 4(a+ B)[(a+ p)?—4ap] = 4(a + B)(a—p)? = 0.

Xpnowomomoape v avicdétnta [(a + B)3]2+ 22 > 22 (a + B)3, agoV n woémTa
[(@+B)3)?+2%2 =22 (a+p)3 woydeLpoévov 6tav (a + £)3 = 2, mov sivar advvaro.
ALa@OpETIKA, B HTTOPOVOAE VO EPYACTOVUE WG EENG:

A=(a+p)° —4af(a+p)—1)> (a+ ) —16af(a+ p)
> 16a?B%(a + B)? — 16af(a + B) = 16aB(a + f)[af(a + B) — 1] > 0.

XPNOLLOTIOMOUE TN OXEON
(a+B)° =(a+P?*(a+p?*(a+p)?=2ap 2ab - (a+ p)? = 16a?L%*(a + [)>.

(ii) Av ot pileg ™ ¢ e€iowong eiva pntol apBpuoi, Tdte 1 Stakpivovoa ¢ TipémeL va eivat
TEAELO TETPAYWVO pNTOV aplBpov. Emeldn) n Stakpivovoa



A= (a+p)° —44af(a+p)—1)
elval BeTIKOG akéPaLog, EMETAL OTL
A= (a+ ) —44af(a+ ) —1) = k?, 6mov k BeTiKdSG aKéPALOG.
Emopévwg, Oa sivat
(a+PB)°—k?=4af(a+B)—1)>0= (a+ L) >k? =k < (a+p)3.
Eneidf 4(4af(a + B) — 1) dptiog axépaiog, émetat dtL ot axépatot (a + B)°8, k? sivat
elte kat oL V0 GpTioL 1) eite kat ot SVo mepLTTOl, 0TOTE O ElvaLt:
K< (a+p) -2k < [(a+p)° - 2]
= (@+p)° —4¢af(a+p) -1 < [(a+ ) -2
S (@+p)°—16af(a+pf)+4 < (a+p)° —4(a+p)>+4
= —l16ap(a+p) < —4(a+p)° =4af(a+p) = (a+p)°
S4af = (@+p)?=20=(a—-p)<0=>a=p.
205 TpOTOG
() Eotw S =a+ S, P = af. Eivaw
A= (a+p)° —16af(a+p)+4=5°—16PS +4

Me oupTAPWON TETPAYWVOU TIAPVOUNE

A= (56— 483+ 4) + 483 — 16PS = (5% — 2)2 + 4S(S2 — 4P)

=(S3-2)?2+4S(@—p)?*=(s2-2)2>0,

a@ov S3 > 2, kat (a — B)? = 0.
(ii) ‘'Omwg otov TpwTo TPdTO Ppickovue dTi Mpémel A = k? ue k? < (S — 2)?, omodte

amd v avicotnta tov (i) maipvoupe
A=(S-2) 2 =4S(a—-p)? =0 a=4p.

I' AYKEIOY

Mpo6fAnua 1.
Na mpoodiopioete OAEG TIG TPLASES TIPAYUATIKWV aplOpwyv (X, Y, Z) TOU IKAVOTIOLOUV
KO TLG TPELS EELOWOELG:
12x* 12y? 1222
4+9x2 Y 41+9y2 " % 41952

= X.

Avon

Ao TIg Sedopéveg e§lowoelg pokuTteL Ot X = 0,y > 0,2z > 0.

Aveivat x =01 y =01 z = 0, T0TE a0 TIG S€50UEVES EELOWOELG TIPOKVTITEL OTL X =
y = z = 0, omote £xovue ) Aon: (x,y,z) = (0,0,0).

YmoBétovpe 6tu: xyz # 0. Emeldn

4+49x2 =22+ (3x)2=>2-2"3x =12x,

EXOVE:

= < = . 1
Y S roxz=12x D

Opolwg, Aapfavoupe:



12y? 12y2

= < = . 2
v 9y2 =12y Y 2)
3 1222 <12x2_ 3
YT itz ST Z ®)

Ao 16 (1), (2) kau (3) Aappavovpe:
YSX<zSysSx=y=3z
OTIOTE £XOVUE:

12 2 x#0
X 2 23 2
4+9x2=x<:>x(4+9x)=12x S x(4—12x+9x°) =0

2
© 4-12x+9%%? =0 2-3x)? =0 x=3
omote Bplokovpe T Avon (x,y,z) = GEE)

ETopévwe ot {ntovpeves TpLadeg ivat ot:

]

wil N
wl N
wl N
v

(x,,2) = (0,0,0) xau (x,y,2) = (

MpofAnpa 2
Na efetaoete av pmopovpe va Swapepioovpe Ta oTolXeld TOU OLVOAOL A =
{1,2,3,...,2025} o€ 405 vmoovvoAa e TévTe oTolXela TO kKaBéva, ToL va eival TéTola
WOTE €Va OTOLYEID TOUG VA LoOVTAL PE TO ABPOLOUA TWV TEGOAPWV GAAWV.
Inuelwon. 21y Stauépion tov ovviolov A mpemet va ypnoyiomomBovy oda ta oroyeia
ToU i popd to kabéva.
Avon
Ag voBécovpe 6TL pumopovpe va Slapepiocovpe To 6UVoA0 A o€ 675 VTTOOUVOAQ, OTIWG
tettal ‘Eotw {a,fB,7,6,€} éva amd autd Ta UTooUVOAX pe @ = +y + & + €. Tote
Ba elvat

a+pB+y+6+e=2a=dptios. @Y

Emeldn 1o (6o oxvel yix 6Aa Ta vTTOGUVOAQ, To ABpolopa TwVv oToleElwy Twv 405
VTIOGUVOAWYV, SNAadT TwV 6TOLXEIWY TOV cLVOAOL A, Ba eival aplOP6S APTLOG.
‘Ouwg, To ABpolopa Twv oTolyElwy Tou A glvatl:

2025-2026
1+2+3+--4+2025 =T=2025-1013,

SnAadn elvarl meptttog aplbudg, To omoio avtikettal otn oxéon (1). Apa dev eivat
Suvarto va yiveln Stapéplon mov {nteltat

Mpo6fAnpa 3

Atvetat opBoywvio ABI'A pe AB < BI. 'Eotw E, Z ta péoa twv mAsvpwv AA, BT,
avtiotoa. Ocwpovpe onueio H otnv mAgvpa I'A Stapopetikd amd ta I' kat A €toL wote
I'H > HA. Av ot evbeie¢ HE kat I'A tépvovtal oto onpueio K, va amodeifete 0TI 1) evbeia
EZ Siyotopei T ywvia KZH.



Avon

Ened BZE = 90° = TZE © Z3 + Z; = Z, + Z,, (85g oxfua 7), apkel va amodsifoupe
OTLoLywvies Z; kau Z, eivat ioeg, yiati ToTE amwd TNV PO yoUpevn lodT T O elvat Kot
21 = 22.

K

A E A
0 H

12

3
B z 8 r
S M
IxNua 7

'Eotw 0Tl oL evBeieg KZ kat AT tépvovtat oto onueio M. Tote Ba elval
Z3 = 75, (wgxatd kopuen) €Y)

Mapatmpolpe 6Tt 6T0 Tpiywvo ZHM to tpjpa ZT eivar Opog, apov ZIH = 90°.
EmumAgov, and ta opolx tpiywva KEO~KHI, KOZ~KI'M kot KEZ~KHM, mpoxumtouv
OLlOOTNTES

EO KE KO 0Z EO O0zFE0z02 S

—_—— = = — = — = = .

HI' KH KI' I'M HI' I'M
Emopévwg, oto tpiywvo HZM 1 ZT eivat Ojog kat Stdpecog, omdte Oa eival kat
Sxotopog ™G ywviog HZM, SnAasdh éxoupe TV LGOTNTA TWV YWVLGOV

z4 = Z5- (2)

A6 11§ oxéoelg (1) ko (2) émetan 6t Zgz = Z,.
2 TpdTOG
Oewpolpe ocvotnua ovvtetaypévwy pe I(0,0), A(0,2) (6mov é€xovpe vmoBéoel 6TL
I'A = 2 xwpig BAGPN TG YevikdTTAS). ETiMA0V, £0TW

E(a,2),B(2a,0),A(2a, 2) Z(a,0), O(a,1),H(0,B),uea < 0,1 < f < 2, awov I'H > HA.
H evBela ZH €xel xAlon Azy = —g. A@o?U ta onueia Z, 0 avkouv 0TV KATAKOPLEN
evBeia ZE pe e€lowon x = a, apkel va Seifovpe 0TL Az = %, a@ov TOTE oL evbeieg ZK kot
ZH Ba elvat ouppeTpikég we mpog v ZE kot to cvpmépaopa Emetal.

[paypaty, n evBeia 'O xet e€lowon

y=x (*)



H evBeia HE éxeL kAion Ay = % Kot onpeio toung pe tov y'y to H(O, B), dpa €xet

elowon

y="Fx+p (+)

K

20,2 E(e, 2) A0, 2)
ol

B(2a,0) Z(a,0) r(0,0)
IxMpa 8

AVvovtag to cvotnua Twv (¥), (**), ebkoda Bpilokoupe 6TL To K, wg onpeio Toung tTwv
evbewwv HE kat 'O, £xel

— B £
Xg = -1 KOL YK = p-1
Tote
B
A -1 _F
ZK = =-,
af 1 @
B—1
OTWG €A E.
305 tpdmog
K
A
\E A
A ]
; H
© '
O
: 'z

'Eotw 0Tl oL evBeieg KZ xat AB téuvovtat oto onpeio M kat £€0tw OTLT TIPOEKTAGT TOV
evBuypappov Tupatog AB pog To pépog touv A tépvel v evBbeia HK oto onueio A.
ATo ta opola tptywva KEO~KAA, KOZ~KA® Tpok0TITOUV 0L LOOTNTES

EO KE KO O0Z EO ozEO:OAA A6

—_—_——— = — e — ) — = — = = .

AA KO KA A® AA A6

ETopévwe To onueio A gival To péco tov evbuypappov Tunuatog AO.



Emtiong ta opBoywvia tpiywva AAE kat EAH eival (oa, apov €xouv EA = EA kat Tig
ywviec AEA, AEH {ogg , wg katd kopuer. Apa Oa sivat kat AE = EH, ontdte to E eivat to
Héoo ™G mAgvpag AH tov Tprywvou AHO.

Emeldn ta onueia A kat E eivat ta péoa twv mievpwv ABO kot AH tou tprywvov AHO
émetat 6TL OH || AE ko OH || BT || AA, omtdte To tetpamievpo OBIH eivat opBoywvio pe
agova ovppetpiag v evbeia EZ. Apa 0a eivalt ZH = Z0O kat to tpiywvo OZH eival
loookeAés kat 1 evBeia EZ eivat Surotdpos ™ ywviog KZH.

MpéBANua 4
Na mpooSiopioete ta {evyn mpaypatikwv aplBuwv (x,y) mov eivar AVoe Tov
OUOTNUATOG:

|x =3y|=2x+y—a
|2x + y| =2x + b,
omov a = 0,b = 0 mMpaAyUATIKEG TTAPAUETPOL.
Avon
‘Exovpe
2x+y—a=|x—-3y|=20=>2x+y=>a=20=|2x+y|=2x+y,
omote 1 devTepn e€lowon yivetal:
2x+y=2x+be y=0>D.

Ma y = b nmpw elowon yivetat:

|x —3b| =2x+ b — a. (D
Emeldn 2x + b —a = |x — 3b| = 0, éxoupe TOV TIEPLOPLOUO
a—>b

2x=>2a—-be x>

(2)

Amo v §lowon (1) éxovpe:

x—=3b=2x+b—anx—3b=—-2x—b+a
Sx=a—4b | 3x=a+2b

, a+2b

©x= a—-4b N x = 3

H AVon x = a — 4b eivat Sekti), AV IKAVOTIOLEL TOV TIEPLOPLOUO

a—
a—4bZT(:>2a—8b2a—b<:)a27b.
Apaywa = 7b 1o cvotnua €geLtn Aon: (x,y) = (a — 4b, b).

’ a+2b , ’ ’ 4
H Abon x = — evat OEK T, AV LKAVOTIOLEL TOV TIEPLOPLOUO

a+2b a-—>»

3 > > o 2a+4b>3a—-3be a<7b.

Apa vyl a < 7b to cvotnua £xeL T AVon: (x,y) = (a+32b , b).





